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1 Introduction 

This is the first of two papers devoted to the study of moduli spaces of Seiberg- 
Witten monopoles over spin'^ Riemannian 4-manifolds with long necks and/or 
tubular ends. Our principal motivation is to provide the analytical foundations 
for subsequent work on Floer homology. Such homology groups should appear 
naturally when one attempts to express the Seiberg-Witten invariants of a 
closed spin"^ 4-manifold Z cut along a hypersurface Y , say 

in terms of relative invariants of the two pieces Zx^Z^- The standard approach, 
familiar from instanton Floer theory (see jl3lllL)j ). is to construct a 1 -parameter 
family {a't} of Riemannian metrics on Z by stretching along Y so as to obtain 
a neck [— T, T] x y, and study the monopole moduli space over {Z,gT) 

for large T. There are different aspects of this problem: compactness, transver- 
sality, and gluing. The present paper will focus particularly on compactness, 
and also establish transversality results sufficient for the construction of Floer 
homology groups of rational homology 3-spheres. The second paper in this 
series will be devoted to gluing theory. 

Let the monopole equations over the neck [— T, T] x y be perturbed by a 
closed 2-form on y, so that temporal gauge solutions to these equations 
correspond to downward gradient flow lines of the correspondingly perturbed 
Chern-Simons-Dirac functional 'dri over Y . Suppose all critical points of 'd^j 
are non-degenerate. Because each moduli space is compact, one might ex- 

pect, by analogy with Morse theory, that a sequence cOn S M^-^") where T„ — > 00 
has a subsequence which converges in a suitable sense to a pair of monopoles 
over the cylindrical-end manifolds associated to Zi , Z2 together with a broken 
gradient line of i!)r^ over M x y. The first results in this direction were ob- 
tained by Kronheimer-Mrowka [21] (with rj = 0) and Morgan-Szabo-Taubes 
[28j (in a particular case, with r] non-exact). Nicolaescu's book [^H] contains 
some foundational results in the case rj = 0. Marcolli-Wang ^26^ proved a 
general compactness theorem for rj exact. In this paper we will consider the 
general case when rj may be non-exact. Unfortunately, compactness as stated 
above may then fail. (A simple class of counter-examples is described after 
Theorem 11.41 below.) It is then natural to seek topological conditions which 
ensure that compactness does hold. We will consider two approaches which 
provide different sufficient conditions. In the first approach, which is a refine- 
ment of well-known techniques (see [HI EH] ) , one first establishes global bounds 
on what is morally a version of the energy functional (although the energy con- 
cept is ambiguous in the presence of perturbations) and then derives local 
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bounds on the curvature forms. In the second approach, which appears to be 
new, one begins by placing the connections in Coulomb gauge with respect to a 
given reference connection and then obtains global bounds on the correspond- 
ing connection forms in suitably weighted Sobolev norms, utilizing the a priori 
pointwise bounds on the spinors. 

The paper also contains expository sections on configuration spaces and ex- 
ponential decay, borrowing some ideas from Donaldson 10 , to which we also 
refer for the Fredholm theory. In the transversality theory of moduli spaces we 
mostly restrict ourselves, for the time being, to the case when all ends of the 
4~manifold in question are modelled on rational homology spheres. The per- 
turbations used here are minor modifications of the ones introduced in . It 
is not clear to us that these perturbations immediately carry over to the case of 
more general ends, as has apparently been assumed by some authors, although 
we expect that a modified version may be shown to work with the aid of gluing 
theory. 

In most of this paper we make an assumption on the cohomology class of rj 
which rules out the hardest case in the construction of Floer homology (see 
Subsection II. 2j) . This has the advantage that we can use relatively simple 
perturbations. A comprehensive monopole Floer theory including the hardest 
case is expected to appear in a forthcoming book by Kronheimer-Mrowka j2nj . 
An outline of their construction (and much more) can be found in j22j . 

A large part of this work was carried out during a one-year stay at the Institut 
des Hautes Etudes Scientifiques, and the author is grateful for the hospitality 
and excellent research environment which he enjoyed there. This work was also 
supported by a grant from the National Science Foundation. 

1.1 Vanishing results for Seiberg— Witten invariants 

Before describing our compactness results in more detail we will mention two 
applications to Seiberg-Witten invariants of closed 4-manifolds. 

By a spirf manifold we shall mean an oriented smooth manifold with a spin*^ 
structure. If Z is a spin"^ manifold then —Z will refer to the same smooth 
manifold equipped with the opposite orientation and the corresponding spin"^ 
structure. 

If Z is a closed, oriented 4-manifold then by an homology orientation of Z we 
mean an orientation of the real vector space H^{Z)* © H^{Z) © H^{Z)* , where 
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H'^(Z) is any maximal positive subspace for the intersection form on H'^{Z). 
The dimension of is denoted . 

In [7] Bauer and Furuta introduced a refined Seiberg-Witten invariant for closed 
spin'^ 4-manifolds Z . This invariant SW(Z) lives in a certain equivariant stable 
cohomotopy group. If Z is connected and b2{Z) > 1, and given an homology 
orientation of Z , then according to there is a natural homomorphism from 
this stable cohomotopy group to Z which maps SW(Z) to the ordinary Seiberg- 
Witten invariant SW(Z) defined by the homology orientation. In |5] Bauer 
showed that, unlike the ordinary Seiberg-Witten invariant, the refined invariant 
does not in general vanish for connected sums where both summands have 
6^ > 0. However, SW{Z) = provided there exists a metric and perturbation 
2-form on Z for which the Seiberg-Witten moduli space Mz is empty (see [HI 
Remark 2.2] and |181 Proposition 6]). 

Theorem 1.1 Let Z he a closed spiif i-manifold and Y C Z a closed, 
orientable 3 -dimensional suhmanifold. Suppose 

(i) Y admits a Riemannian metric with positive scalar curvature, and 

(ii) H^{Z; Q) ^ H^{Y; Q) is non-zero. 

Then there exists a metric and perturbation 2-form on Z for which Mz is 
empty, hence SW{Z) = . 

This generalizes a result of Fintushel-Stern |12j and Morgan-Szabo-Taubes j28j 
which concerns the special case when Y ^ x S'^ is the link of an embedded 
2-sphere of self-intersection 0. One can derive Theorem II. II from Nicolaescu's 
proof of their result and the classification of closed orientable 3-manifolds 
admitting positive scalar curvature metrics (see j2Sl p325]). However, we shall 
give a direct (and much simpler) proof where the main idea is to perturb the 
monopole equations on Z by a suitable 2-form such that the corresponding 
perturbed Chern-Simons-Dirac functional on Y has no critical points. One 
then introduces a long neck [— T, T] x Y . See Section IHl for details. 

We now turn to another application, for which we need a little preparation. 
For any compact spin'^ 4-manifold Z whose boundary is a disjoint union of 
rational homology spheres set 

d{z) = i {ciiCz? - <y{z)) + h{z) - b+iz). 

Here Cz is the determinant line bundle of the spin'^ structure, and cr{Z) the 
signature of Z. If Z is closed then the moduli space Mz has expected dimension 
d{Z)-bo{Z). 
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In jl4j we will assign to every spin'^ rational homology 3 -sphere Y a rational 
number h{Y). (A preliminary version of this invariant was introduced in |15j.) 
In Section 121 of the present paper this invariant will be defined in the case when 
Y admits a metric with positive scalar curvature. It satisfies h{—Y) = —h{Y). 
In particular, h{S^) = 0. 

Theorem 1.2 Let Z he a closed, connected spin'^ 4:-nianifold, and let W G Z 
be a compact, connected, codiniension submanifold whose boundary is a 
disjoint union of rational homology spheres Yi , . . . , , r > 1 , each of which 
admits a metric of positive scalar curvature. Suppose 6^(1^) > and set 
= Z\intW . Let each Yj have the orientation and spin'^ structure inherited 
from W . Then the following hold: 

(i) If ^(Y^) ^ —d(W) then there exists a metric and perturbation 2- 
form on Z for which Mz is empty, hence SW{Z) = 0. 

(ii) If b+{Z) > 1 and 2J2j HYj) < diW) then SW{Z) = 0. 

Note that (ii) generalizes the classical theorem (see |3n( I29j ) which says that 
SW(Z) = if Z is a connected sum where both sides have 6^ > 0. 

1.2 The Chern— Simons— Dirac functional 

Let y be a closed, connected Riemannian spin'^ 3-manifold. We consider the 
Seiberg-Witten monopole equations over M x y , perturbed by adding a 2~form 
to the curvature part of these equations. This 2-form should be the pull-back 
of a closed form r] on Y . Recall from j2H l2Sj that in temporal gauge these 
perturbed monopole equations can be described as the downward gradient flow 
equation for a perturbed Chern-Simons-Dirac functional, which we will denote 
by "dri , or just i} when no confusion can arise. 

For transversality reasons we will add a further small perturbation to the 
monopole equations over M x y, similar to those introduced in |151 Section 2]. 
This perturbation depends on a parameter p (see Subsection l3.3|) . When p / 
then the perturbed monopole equations are no longer of gradient flow type. 
Therefore, p has to be kept small in order for the perturbed equations to retain 
certain properties (see Subsection 14. 2|) . 

If S is a configuration over Y (ie a spin connection together with a section of 
the spin bundle) and u: y ^ U(l) then 

^{u{S)) - i?(5) = 2vry" [u], (1) 
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where [u] £ H^{Y) is the pull-back by u of the fundamental class of U(l), and 



Here £y is the determinant line bundle of the spin'^ structure of Y . 

Let TZy be the space of (smooth) monopoles over Y (ie critical points of ■!?) 
modulo all gauge transformations Y U(l), and TZy the space of monopoles 
over Y modulo null-homotopic gauge transformations. 

When no statement is made to the contrary, we will always make the following 
two assumptions: 

(01) 7/ is a real multiple of some rational cohomology class. 

(02) All critical points of ■!? are non-degenerate. 

The second assumption implies that TZy is a finite set. This rules out the case 
when rj = and bi{Y) > 0, because if r/ = then the subspace of reducible 
points in TZy is homeomorphic to a 6i(y) -dimensional torus. If 7^ or 
bi{Y) = then the non-degeneracy condition can be achieved by perturbing rj 
by an exact form (see Proposition 18.1(1 . 

For any a, f3 £ TZy let M(a, (3) denote the moduli space of monopoles over WxY 
that are asymptotic to a and (3 at —00 and 00, respectively. Set M = M/M. 
By a broken gradient line from a to /3 we mean a sequence (wi, . . . , ujk) where 
k > and ujj £ M(aj_i, Oj) for some oq, ■ ■ ■ ,ak £ TZy with uq = a, Ok = P, 
and ctj-i 7^ ctj for each j. If a = /3 then we allow the empty broken gradient 
line (with A; = 0). 

1.3 Compactness 

Let X be a spin*^ Riemannian 4-manifold with tubular ends M+ ^ ; j = 
l,...,r, where r > and each Yj is a closed, connected Riemannian spin*^ 
3-manifold. Setting Y = Ujl^- this means that we are given 

• an orientation preserving isometric embedding l : M+ xY ^ X such that 



is compact for any t >0, 

• an isomorphism between the spin'^ structure on ]R_(_ x Y induced from Y 
and the one inherited from X via the embedding l. 



V = 7TCi{Cy)-[ri]£H^{Y). 



(2) 



X.,t = X\L{{t,^) xY) 



(3) 
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Here M+ is the set of positive real numbers and = M_|_ U {0} . Usually we 
will just regard M+ x y as a (closed) submanifold of X . 

Let rjj be a closed 2-form on Yj and define rjj G H'^iYj) in terms of rjj as in 
(HJ. We write •& instead of when no confusion is likely to arise. We perturb 
the curvature part of the monopole equations over X by adding a 2 -form 
whose restriction to M+ x Yj agrees with the pull-back of rjj . In addition we 
perturb the equations over M x 1^- and the corresponding end of X using a 
perturbation parameter pj. If a = {ai, . . . ,ar) with aj G TZy^ let M{X;a) 
denote the moduli space of monopoles over X that are asymptotic to aj over 
M+ X Yj . 

Let Xi, . . . , Xr be positive constants. We consider the following two equivalent 
conditions on the spin'^ manifold X and rjj , Xj : 

(A) There exists a class z G H^{X; M) such that z|y^. = Xjrjj for j = 1, . . . , r . 

(A') For configurations S over Xq the sum J2j ''^j^i^\{o}xYj) depends only 
on the gauge equivalence class of S . 

Note that if Xj = 1 for all j then (A) holds precisely when there exists a class 
z G H'^iX; R) such that z\yj = [r]j] for j = 1, . . . , r . 

Theorem 1.3 If Condition (A) is satisEed and each pj has sufRciently small 
norm then the following holds. For n = 1, 2, . . . let Un & -^(^i c?n) , where 

"n = (On,!, • • • ,an,r)- ff 

r 

inf Xj^ian j) > -oo (4) 
i=i 

then there exists a subsequence of cOn which chain-converges to an [r + l)-tuple 
{io,vi, . . . ,Vr) where uj is an element of some moduli space M{X;(3) and Vj is 
a broken gradient line over M x 1^- from Pj to some 'jj G TZvj ■ Moreover, if uJn 
chain-converges to {uj,vi, . . . ,Vr) then for sufEciently large n there is a gauge 
transformation Un- X — > U{1) which is translationary invariant over the ends 
and maps M(X;a„) to M{X;j) 

The assumption @ imposes an "energy bound" over the ends of X , as we 
will show in Subsection 17.21 The notion of chain-convergence is defined in 
Subsection 17.11 The limit, if it exists, is unique up to gauge equivalence (see 
Proposition 17.21 below) . 
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1.4 Compactness and neck-stretching 

In this subsection cohomology groups will have real coefficients. 

We consider again a spin^ Riemannian 4-manifold X as in the previous subsec- 
tion, but we now assume that the ends of X are given by orientation preserving 
isometric embeddings 

l'j-.R+xY^^X, i = l,...,r', 
tf:R+x{±Yj)^X, j = l,...,r, 

where r,r' > 0. Here each Y-,Yj should be a closed, connected spin*^ Rieman- 
nian 3-manifold, and as before there should be the appropriate identifications 
of spin'^ structures. For every T = {Ti, . . . ,Tr) with Tj > for each j, let 
X^'^^ denote the manifold obtained from X by gluing, for j = 1, . . . ,r , the two 
ends if(M.+ x Yj) to form a neck [-Tj,Tj] x Yj. To be precise, let Xi^> C X 
be the result of deleting from X the sets tj {[2Tj^ oo) x Y^) , j = 1, . . . , r . Set 

where we identify 

i+{t,y)r^i-{2Tj-t,y) 

for all {t,y) G (0,2^,) x Yj and j = l,...,r. We regard [-Tj,Tj] x Yj as a 
submanifold of X^'^^ by means of the isometric embedding {t,y) i— > TTTi-^it + 

Tj,y) , where vtt : X^'^^ X^^) . Also, we write M+ x {±Yj) instead of Lf{R+ x 
Yj), and similarly for M_|_ x Y^', if this is not likely to cause any confusion. 

Set X* = X(^) with Tj = 1 for all j. The process of constructing from 
X (as smooth manifolds) can be described by the unoriented graph 7 which 
has one node for every connected component of X and, for each j = 1, . . . ,r, 
one edge representing the pair of embeddings . 

A node in an oriented graph is called a source if it has no incoming edges. If 
e is any node in 7 let X^ denote the corresponding component of X. Let 
Ze = (Xe):i be the corresponding truncated manifold as in Let 7 \ e be 
the graph obtained from 7 by deleting the node e and all edges of which e is a 
boundary point. Given an orientation o of 7 let d~Ze denote the union of all 
boundary components of Zg corresponding to incoming edges of (7,0). Let 
be the kernel of H^{Ze) H^{d~Ze), and set 

S(X,7,o) = dim H^{X*) - ^dim Fg. 

e 
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It will follow from Lemma 15.31 below that 7, o) < if each connected 

component of 7 is simply-connected. 

We will now state a condition on (X, 7) which is recursive with respect to the 
number of nodes of 7 . 

(C) If 7 has more than one node then it should admit an orientation o such 
that the following two conditions hold: 

• S(X,7,o)=0, 

• Condition (C) holds for {X \ X^, 7 \ e) for all sources e of (7, o) . 

We are only interested in this condition when each component of 7 is simply- 
connected. If 7 is connected and has exactly two nodes 61,62 then (C) holds 
if and only if — > H^{Z(. ) is surjective for at least one value of j, as is 
easily seen from the Mayer- Vietoris sequence. See Subsection ESI and the proof 
of Proposition 15.61 for more information about Condition (C). 

Let the Chern-Simons-Dirac functionals on Yj,Y- be defined in terms of closed 
2-forms rjj^rj'j respectively. Let rjj and rj'j be the corresponding classes as in ((2|. 
Let Ai, . . . , Ar and A'^, . . . , A^, be positive constants. The following conditions 
on X, rjj,rjj, Xj, X'j will appear in Theorem 11.41 below. 

(Bl) There exists a class in whose restrictions to Yj and Yj are [rjj] 

and [r]j], respectively, and all the constants Xj, X'- are equal to 1. 

(B2) There exists a class in H'^{X'^) whose restrictions to Yj and Yj are Xjrjj 
and X'jfjj , respectively. Moreover, the graph 7 is simply-connected, and 
Condition (C) holds for (X, 7). 

Choose a 2-form fi on X whose restriction to each end M+ x (±5^) is the 
pull-back of r]j , and whose restriction to M+ x Y^ is the pull-back of r]j . Such 
a form fi gives rise, in a canonical way, to a form fi^"^^ on X(^). We use the 
forms /i, /i*-"^-* to perturb the curvature part of the monopole equations over X , 
X^'^^ , respectively. We use the perturbation parameter over R x Y^' and the 
corresponding ends, and pj over R x 1^- and the corresponding ends and necks. 

Moduli spaces over X will be denoted M{X; a+, a') , where the j 'th compo- 
nent of d± specifies the limit over the end R+ x (±1^ ) and the j'th component 
of d' specifies the limit over R+ x Yj . 

Theorem 1.4 Suppose at least one of the conditions (Bl), (B2) holds, and 
for n = 1,2, .. . let Un G M(X('^(")); a^), where a'^ = «n,r') ^-"<^ 
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Tj{n) oo for j = 1, . . . ,r. Suppose also that the perturbation parameters 
pj , p'j are admissible for each a'^ , and that 

r' 

Then there exists a subsequence of LOn which chain-converges to an (r + r' + l)- 
tuple Y = {u),vi, . . . jUrjifi, ■ ■ ■ ,v'j./) , where 

• oj is an element of some moduli space M{X; ai,a2, P') , 

• Vj is a broken gradient line over M xYj from aij to a2j , 

• ifj is a broken gradient line over M x Yj from (3'j to some £ TZy' ■ 

Moreover, if ujn chain-converges to Y then for sufficiently large n there is a 
gauge transformation Un- X^^^")-* which is translationary invariant 

over the ends and maps M(X(^(")); q^) to M(X™);7'). 

The notion of chain-convergence is defined in Subsection 17.11 Note that the 
chain-hmit is unique only up to gauge equivalence, see Proposition 17.21 

What it means for the perturbation parameters pj,p'j to be "admissible" is 
defined in Definition l7.3l As in Theorem ll.31 if (B2) holds and the perturbation 
parameters have sufficiently small norm then they are admissible for any 
a', see Proposition 15.61 If (Bl) is satisfied but perhaps not (B2) then for any 
Ci < oo there is a C2 > such that if the perturbation parameters have 
norm < C2 then they are admissible for all a' satisfying Yl]=i '^'j^i'^'j) ^ "^"1, 
see the remarks after Proposition 14.51 

The conditions (Bl), (B2) in the theorem correspond to the two approaches to 
compactness referred to at the beginning of this introduction: If (Bl) is satisfied 
then one can take the "energy approach", whereas if (B2) holds one can use 
the "Hodge theory approach" 

The conclusion of the theorem does not hold in general when neither (Bl) nor 
(B2) are satisfied. For in that case Theorem 11.11 would hold if instead of (ii) one 
merely assumed that hi{Y) > 0. Since contains an embedded x S"^ this 
would contradict the fact that there are many spin'^ 4-manifolds with 6^ > 1 
and non-zero Seiberg-Witten invariant. 

For the moment we will abuse language and say that (B2) holds if it holds for 
some choice of constants Xj, X'j , and similarly for (Bl). Then a simple example 
where (Bl) is satisfied but not (B2) is X = R x y, where one glues the two 
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ends to obtain X(^) = {R/2TZ) x Y. There are also many examples where 
(B2) is satisfied but not (Bl). For instance, consider the case when X consists 
of two copies of M X y, say X = M x Y x {1,2} with Y connected, and one 
glues M+ xYx {1} with R_ xYx {2}. In this case r = 1 and r' = 2, so 
we are given closed 2 -forms rji,r}[,rj2 on Y . Condition (Bl) now requires that 
these three 2-forms represent the same cohomology class, while (B2) holds as 
long as there are ai,a2 > such that [rji] = ai[r][] = a2[r/2]- 

1.5 Outline 

Here is an outline of the content of the remainder of this paper. In Section [2 we 
study orbit spaces of configurations over Riemannian n-manifolds with tubular 
ends. This includes results on the Laplacians on such manifolds, which are also 
applied later in Subsection 15.11 to the study of the d* + d'^ operator in the 
case n = 4. Section |21 introduces monopoles, perturbations, and moduli spaces. 
Section |1] establishes local compactness results for monopoles, and technical 
results on perturbations. In Section [51 the Hodge theory approach to local 
compactness is presented, which is an alternative to the energy approach of 
Subsection 14. ^-il Section 101 is devoted to exponential decay, which is needed for 
the global compactness results in Section [71 where Theorems 11.31 and 11.41 are 
proved. Section [HI discusses non-degeneracy of critical points and regularity of 
moduli spaces. Finally, in Section [Ul we prove Theorems 11.11 and 11.21 There are 
also two appendices. The first of these explains how to patch together sequences 
of local gauge transformations (an improvement of Uhlenbeck's technique) . The 
second appendix contains a quantitative inverse function theorem which is used 
in the proof of exponential decay. 

2 Configuration spaces 

2.1 Configurations and gauge transformations 

Let X be a Riemannian n-manifold with tubular ends M+ x Yj , j = 1, . . . , r , 
where n > 1, r > 0, and each Yj is a closed, connected Riemannian (n — 1)- 
manifold. This means that we are given for each j an isometric embedding 

Lj-. M+ X Yj X; 

moreover, the images of these embeddings are disjoint and their union have 
precompact complement. Usually we will just regard M_|- xYj as a sub manifold 
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of X. Set y = Li jYj and, for t > 0, 

X.,t = X\ {t, oo) X Y. 

Let E> ^ X and Sj Yj be Hermitian complex vector bundles, and L 
X and Lj Yj principal U(l)-bundles. Suppose we are given, for each j , 
isomorphisms 

i*S ^ 1+ X Sj, L*L ^ 1+ X Lj. 

By a configuration in (L, S) we shall mean a pair {A, $) where A is a connection 
in L and $ a section of S. Maps u: X ^ U(l) are referred to as gauge 
transformations and these act on configurations in the natural way: 

u{A,^) = {u{A),u^). 

The main goal of this section is to prove a "local slice" theorem for certain orbit 
spaces of configurations modulo gauge transformations. 

We begin by setting up suitable function spaces. For p > 1 and any non- 
negative integer m let Lfn{X) be the completion of the space of compactly 
supported smooth functions on X with respect to the norm 




Here the covariant derivative is computed using some fixed connection in the 
tangent bundle TX which is translationary invariant over each end. Define the 
Sobolev space L^{X;S) of sections of S similarly. 

We also need weighted Sobolev spaces. For any smooth function w: X ^ R 
set = e-"'L^(X) and 

ll/lLr = ll^'/ll^r 

In practice we require that w have a specific form over the ends, namely 

woLj{t,y) = ajt, 
where the aj 's are real numbers. 

The following Sobolev embeddings (which hold in R", hence over X) will be 
used repeatedly: 

Ll+iCL^Jl ifp>n/2,m>0, 
LPcC% ifp>n/2. 

Here denotes the Banach space of bounded continuous functions, with the 
supremum norm. Moreover, if pm > n then multiplication defines a continuous 
map Lm X ^ for < k < m. 
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For the remainder of this section fix p > n/2. Note that this imphes C 
over compact n -manifolds. 

We wiU now define an affine space C of configurations in (L, §) . Let 

Ao be a smooth connection in L. Choose a smooth section $o of S whose 
restriction to x Yj is the puh-back of a section ipj of Sj . Suppose ipj = 
for j < vq, and ipj ^ for j > vq, where tq is a non-negative integer.. Fix a 
weight function w as above with aj > small for all j , and aj > for j > tq . 
Set 

C = {{Ao + a,^o + ^) ■■ a,(/>GL?'"'}. 
We topologize C using the L^'^ metric. 

We wish to define a Banach Lie group Q of gauge transformations over 

X such that G acts smoothly on C and such that if S,S' & C and u{S) = S' 
for some -Z>2loc S^'^S^ transformations u then u G ^. If n € ^ then we must 
certainly have 

Now 

||(iti||^p,ii' < const • (||n~"'"(iti||j;^p,i" + ||n~"'"(iti||^p,u.), (5) 

and vice versa, ||dti||j;^p>i" controls Hn""*^ (inH^^p, », so we try 

g = {uG Ll ,^,{X; U(l)) : du, {u - l)^o S L?'"'}. 

By U(l)) we mean the set of elements of L2Jqj,(X;C) that map into 

U(l). We will see that Q has a natural smooth structure such that the above 
criteria are satisfied. 

(This approach to the definition of Q was inspired by jlUj.l 
2.2 The Banach algebra 

Let x be a finite subset of X which contains at least one point from every 
connected component of X where $o vanishes identically. 

Definition 2.1 Set 

and let £ have the norm 

ll/lk = ll#llLr + ll/^ollir + E 1/(^)1- 
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We will see in a moment that £^ is a Banach algebra (without unit if ro < r). 
The next lemma shows that the topology on £ is independent of the choice of 
$o and X. 

Lemma 2.1 Let Z C X be a compact, connected codimension submanifold. 

(i) If $o|z ^ then there is a constant C such that 

[ \f\^<C [ |4f|P + |/$„|f (6) 
Jz Jz 

for all f & L\{Z) . 

(ii) There are constants C\ , C2 such that 

1/(^2) - /(^l)| < C,\\dfh.,^z) < C2\\dfh.^z) 
for all f e L\{Z) and zi,Z2 e Z. 

Proof Part (i) follows from the compactness of the embedding L\{Z) 
U'{Z). The first inequality in (ii) can either be deduced from the compact- 
ness of (Z) ^ CO(Z) , or one can prove it directly, as a step towards proving 
the Rellich lemma, by considering the integrals of df along a suitable family of 
paths from zi to 2:2 . □ 

Lemma 2.2 Let Y he a closed Riemannian manifold, and o" > 0. 

(i) If q> 1 and / : M_|_ xY ^ R is a function such that limj^oo f{t, v) = 
for all y eY then 

II/I|l9,<t(r_^xY) < 0-~^\\dlf\\Li-''{R+xY)- 

(ii) Ifq>l,T>l,andf: [0,T] x Y ^ R is a function then 

\li{[T-1,T]xY) < ||/o||L9(y) + {(^r)'^^'^\\dif\\L'i,'^^[Q^T]xY), 



where My) = /(O, y) and ^ + i = 1. 



Here di is the partial derivative in the first variable, ie in the M+ coordinate. 
Proof Part (i): 

;.<^(M+ xY) = [ / e'^*dif{s + t, y) ds dt dy ) 

\Jr+xy Jo / 

poo / p \ 1/q 

< / \e'''difis + t,yWdtdy) ds 

Jo \Jr+xY J 

< ( He-'^'ds) ( [ \e''^'+'^dif{s + t,y)\'^dtdyY' 
\Jo J V^R+xY / 

< 0-~-^||5l/||iq,<T(R_^xY)- 
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Part (ii) follows by a similar computation. □ 
Parts (i)-(iv) of the following proposition are essentially due to Donaldson ^U]. 

Proposition 2.1 

(i) There is a constant Ci such that 

\\f\U<C,\\f\\e 

for all f ££. 

For every f £ £ and j = l,...,r the restriction f\[t}xYj converges 



(ii 
(iii 
(iv 

(v; 



uniformly to a constant function f^^^ as t ^ oo, and f^^^ = for j > r^. 
There is a constant C2 such that if f £ £ and f^^^ = for all j then 

Wfhr < C2 

There is an exact sequence 



^ Ll'"" ^ £: A C^o ^ 0, 



where l is the inclusion and e{f) = {f^^\ ■ ■ ■ , f^^'"^) ■ 

£ is complete, and multiplication defines a continuous map £ x £ ^ £ . 



Proof First observe that for any / G L^^^^iX) and e > there exists a 
g E C°^{X) such that \\g — /H^p.™ < e. Therefore it suffices to prove (i)-(iii) 
when f £ £ is smooth. Part (i) is then a consequence of Lemma 12.11 and 
Lemma 12.21 (ii) , while Part (ii) for < j < r follows from Lemma 12.11 

We will now prove (ii) when 1 < j < tq. Let f £ £ he smooth. Since 
/r+xY I'^/I < by the Holder inequality, we have 

POO 

/ \dif{t,y)\ dt < 00 for almost all y £Yj. 
Jo 

For n G N set /„ = /|[n-i,n+i]xK, ) regarded as a function on i? = [n — l,n+l]x 
Yj . Then {/n} converges a.e., so by Egoroff 's theorem {/n} converges uniformly 
over some subset T C B of positive measure. There is then a constant C > 0, 
depending on T , such that for every g £ L^{B) one has 



/ <C(/ \dg\P+ [ \g 
Jb Jb Jt 



It follows that {/n} converges in over B , hence uniformly over B , to some 
constant function. 

Part (iii) follows from Lemma [2. II and Lemma [2.2l (i). Part (iv) is an immediate 
consequence of (ii) and (iii). It is clear from (i) that £ is complete. The mul- 
tiplication property follows easily from (i) and the fact that smooth functions 
are dense in if^. □ 



Geometry & Topology, Volume 9 (2005) 



16 



Kim A Fr0yshov 



2.3 The infinitesimal action 

If / : X ^ iM. and <^ is a section of S we define a section of iA^ © § by 

T$/ = i-df, f^) 

whenever the expression on the right makes sense. Here A*^ denotes the bundle 
of A; -forms (on X , in this case), S = (A,^) is a configuration then we wih 
sometimes write Is instead of X$ . Set 

1 = 1^^. 

If $ is smooth then the formal adjoint of the operator T$ is 

J|(a, 0) = -d*a + (p)^, 
where ( • , • )k is the real inner product on S. Note that 

JiT$ = A + 
where A is the positive Laplacian on X . 
Set 

LQ = {/ E 1? : / maps into iW}. 
Prom Proposition 12.11 (i) we see that the operators 

are well-defined and bounded for every $ G $o + L\'^{X; S) . 

Lemma 2.3 For every $ G $o + L^'"'(X; S) , the operators X|,X<j> and T$ have 
the same kernel in LQ . 

Proof Choose a smooth function /?: R — > M such that (3{t) = 1 for t < 1, 
f3{t) = for t > 2. For r > define a compactly supported function 

fir-. X ^ M 

by I3r\x.,, = 1, and = I3{t/r) for G M+ x Yj . 

Now suppose / G LQ and I^I^f = 0. Lemma [2.11 fi) and elliptic regularity 
gives f G L^ , so we certainly have 

I^f G C LL. 

Clearly, 

||T$/||2<liminf||X$(/3,/)||2. 
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Over x Yj we have 

where di = ^ and Ay^ is the positive Laplacian on Yj , so 

\\Ml3rf)\\l= [ 

Jx 

= - E / + 2(5i/3,)(9i/)) • f3rf 



oo 



<C^ill/ll^ \r-'fi"it/r)\dt 





/ foo \ i/q 

+ Ci||/|UI|d/||J / |r-y(t/r)rdt 



< 11^112 



2|U llf 

as r ^ cxo 



'0 / 
[r'^ \0'{u)\du + r^~'i \l3'{u)\Uu 



where Ci, C2 > are constants and - + - = 1. Hence X$/ = 0. □ 

Lemma 2.4 X*X: ^^•'"(X) ^ Li^'"{X) is Fredholm of index -tq, for 1< q < 
00 . 



Proof Because X*X is elhptic the operator in the Lemma is Fredholm if the 
operator 

-a2 + AK,. + |V^,f : L^■^i'''"^ (7) 

acting on functions on M x 1^- , is Fredholm for each j . The proof of [10\ 
Proposition 3.21] (see also 21]) can be generalized to show that ^ is Fredholm 
if aj is not an eigenvalue of Ay^. + l^/^jp. Since we are taking aj > small, and 
aj > if ipj = 0, this establishes the Fredholm property in the Lemma. 

We will now compute the index. Set 

ind± = index{X*X: ^^'^"'(X) ^ L'i'^'"{X)}. 

Expressing functions on Yj in terms of eigenvectors of Ay^. + iV'jP ^ jSl llUj 
one finds that the kernel of X*X in ^^/'^"' is the same for all q' > 1 and integers 
A;' > 0. Combining this with the fact that X*X is formally self-adjoint we see 
that 

ind^ = — ind~. 
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Now choose smooth functions Wj: M ^ M such that 'Wj{t) = crj\t\ for |t| > 1. 
We win apply the addition formula for the index, see jTOl Proposition 3.9]. 
This is proved only for first order operators in jlUj but holds for higher order 
operators as well, with essentially the same proof. The addition formula gives 

ind" = ind+ + ^ index{T; . : L^'~'"^ (M x Yj) L'''-'"^{R x Yj)} 
j 

= ind+ + 2 ^ dimker(Ay^. + 
j 

= ind"*" + 2rQ. 

Therefore, ind^ = —vq as claimed. □ 

Proposition 2.2 For any $ G + L^'"'(X; S) the following hold: 

(i) The operator 

III^ : Lg ^ LP'"' (8) 

is Fredholm of index , and it has the same kernel as T$ : LQ L^'^ 
and the same image as X| : L^'^ — > L^'"^ . 

(ii) Z^{LQ) is closed in L\'^ and 

L?'"'(iAi e S) = l^{Lg) e ker(J|). (9) 

Proof It is easy to deduce Part (ii) from Part (i). We will now prove Part (i). 
Since 

- Tl = - \^o\^ ■■ Ll'"" ^ LP'"" 

is a compact operator, and I*Z have the same index as operators between 

these Banach spaces. It then follows from Lemma 12.41 and Proposition 12.11 (iv) 
that the operator (jSJ is Fredholm of index 0. The statement about the kernels 
is the same as Lemma 12.31 To prove the statement about the images, we may 
as well assume X is connected. If $ 7^ then the operator (jSJ is surjective 
and there is nothing left to prove. Now suppose $ = 0. Then all the weights 
(Tj are positive, and the kernel of T$ in £ consists of the constant functions. 
Hence the image of (jSJ has codimension 1. But J^d*a = for every 1-form 
a G L^'^ , so d* : L^'^ L^'^ is not surjective. □ 

In the course of the proof of (i) we obtained: 

Proposition 2.3 If X is connected and cTj > for all j then 

d*d{£) = l^gGLP'^{X;C) : ^5 = o|. 
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We conclude this subsection with a result that will be needed in the proofs 
of Proposition 15.31 and Lemma 15.51 below. Let 1 < g < oo and for any 
function / : X — > R set 

Sjf = / dif, j = l,...,r. 

J{0}xYj 

The integral is well-defined because if n is any positive integer then there is a 
bounded restriction map L^(M") ^"({0} x M"-i). 

Choose a point xq £ X . 

Proposition 2.4 If X is connected, l<q<oo,r>l, and if aj > is 
sufficiently small for each j then the operator 

(3: Lf""'(X;]R) ^ L'?'-'"(X;M) ©M^ 

/^(A/, i5if,...,6r-ifJixo))) 

is an isomorphism. 

Proof By the proof of Lemma |2.4[ A: Lg' ^ — > L^~'^ has index r, hence 
ind(/3) = 0. We will show (i is injective. First observe that 'Yl'^j=i^jf — 
whenever A/ = 0, so if f3f = then 5jf = for all j. 

Suppose Pf = 0. To simplify notation we will now assume Y is connected. Over 
M+ X y we have A = —df + Ay. Let {/ijy};y=o,i,... be a maximal orthonormal 
set of eigenvectors of Ay , with corresponding eigenvalues , where = Aq < 
Ai < A2 < • • • . Then 

f{t,y) =a + bt + g{t,y), 
where a,b G M, and g has the form 

g{t,y) =Y^c^e-^'''K{y) 

for some real constants Cjy . Elliptic estimates show that g decays exponentially, 
or more precisely, 

|(VV)(t,,)| <die-^^* 
for (t,y) € M+ x Y and j >0, where dj > is a constant. Now 
dif{t,y) = b-J2cuX.e-^^'h,{y). 

Since Ay is formally self-adjoint we have Jy /ijy = if A^, 7^ 0, hence 

6Vol(y) = / dif = 0. 

J{t}xY 
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It follows that / is bounded and df decays exponentially over x y, so 

= / fAf= [ \df\^ 
hence / is constant. Since /(xq) = we have / = 0. □ 

2.4 Local slices 

Fix a finite subset b C X . 

Definition 2.2 Set 

Qi, = {u £ 1 + £ : u maps into U(l) and u|[, = 1} 
LGb = {f ^ £ ■ f niaps into iM and /|fa = 0} 

and let Q^, and LQ^, have the subspace topologies inherited from l + £ ^ £ and 
£, respectively. 

By 1 + i5 we mean the set of functions on X of the form 1 + / where f £ £ . 
If b is empty then we write Q instead of Qt,, and similarly for LQ . 

Proposition 2.5 

(i) Qb is a smooth suhmanifold of 1 + £ and a Banach Lie group with Lie 
algebra LQ^. 

(ii) The natural action Q^, x C ^ C is smooth. 

(iii) If S eC, ue L2,i^,{X; U{1)) and u{S) G C then ueQ. 

Proof (i) If ro < r then 1 ^ £ , but in any case, 

k=l 

defines a smooth map £ ^ £,hy Proposition 12 . II fv) . Therefore, the exponen- 
tial map provides the local parametrization around 1 required for to be a 
submanifold of 1 + £ . The verification of (ii) and (iii) is left to the reader. □ 

Let = C/Qi, have the quotient topology. This topology is Hausdorff because 
it is stronger than the topology defined by the L^^ metric on B^, (see jTIj ) . The 
image in Bt, of a configuration S £ C will be denoted [S] , and we say 5 is a 
representative of [S] . 
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Let be the set of all elements of C which have trivial stabilizer in Qf,. In 
other words, consists of those (^4, G C such that b contains at least one 
point from every component of X where $ vanishes almost everywhere. Let 
be the image of ^ B^,. It is clear that is an open subset of B^, . 

If b is empty then C* C C and B* C B are the subspaces of irreducible config- 
urations. As usual, a configuration that is not irreducible is called reducible. 

We will now give B^ the structure of a smooth Banach manifold by specifying 
an atlas of local parametrizations. Let S = {A, ^) E and set 

By Proposition 12.21 we have 

dim(y/VF) = \h\-l 

where (. is the number of components of X where <I> vanishes almost everywhere 
Choose a bounded linear map p: V ^ W such that p\w = I , and set 

it = pll- 

Then 

L?'"'(iAi © S) = T^iLG^) © ker(J#) 
by Proposition 12.21 Consider the smooth map 

B: L^f, X ker(T|) ^ C, (/, s) ^ exp(/)(5 + s). 
The derivative of this map at (0, 0) is 

Dn(o,o)(/,s) =T$/ + s, 

which is an isomorphism by the above remarks. The inverse function theorem 
then says that B is a local diffeomorphism at (0,0). 

Proposition 2.6 In the situation above there is an open neighbourhood U 
of G ker(XJ^) such that the projection C ^ B^, restricts to a topological 
embedding of S + U onto an open subset of B'^ . 

It is clear that the collection of such local parametrizations U ^ B'^is a. smooth 
atlas for B"^. 

Proof It only remains to prove that S + U ^ B^, is injective when U is 
sufficiently small. So suppose {ak,(l)k)^ {bk-.'^k) are two sequences in ker(2'J^) 
which both converge to as A; ^ oo , and such that 
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for some Uk G Gb- We will show that \\uk — iWs 0. Since 11 is a local 
diffeomorphism at (0, 0) , this will imply that = 1 for k ^ 0. 

Written out, the assumption on Uk is that 

u^^duk = ak- bk, 

{Uk - 1)^> = Vfc - Uk(pk- 

By (0) we have ||(iufc||^p,'" — > 0, which in turn gives H^ifc^fcllLf'™ ~^ 0; hence 

^0. (10) 

Because Uk is bounded and duk converges to in over compact subsets, 
we can find a subsequence {kj} such that Ukj converges in L2 over compact 
subsets to a locally constant function u. Then u\i, = 1 and = hence 
u = I. Set fj = Uk^ - 1 and = ^> - $0 G V^"" . Then \\dfj (/>||lp,» ^ 0. 
Furthermore, given e > we can find t > such that 

J[t,oo)xY * 

and such that 

for j > N. Then |e"'/j0|P < e for j > N. Thus ||/j</'||lp,» ^ 0, and simi- 
larly ||/jV0||iP,» — > 0. Altogether this shows that ||/j<?!>||x,p.»" 0. Combined 
with (Uni) this yields 

\\{uk^ - 1)^0 IIl^- ^0, 

hence \\uk- — iWs — > 0. But we can run the above argument starting with any 
subsequence of {uk} , so \\uk — 1\\£ — > 0. □ 

2.5 Manifolds with boundary 

Let Z he a compact, connected, oriented Riemannian n-manifold, perhaps 
with boundary, and b C Z a finite subset. Let S ^ Z be a Hermitian vector 
bundle and L — > Z a principal U(l)-bundle. Fix p > n/2 and let C denote 
the space of configurations {A, <I>) in (L, §) . Let be the group of those 
L2 gauge transformations Z — > U(l) that restrict to 1 on b, and the set of 
all elements of C that have trivial stabilizer in ^t,- Then 

K = ClIGb 
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is again a (HausdorfF) smooth Banach manifold. As for orbit spaces of connec- 
tions (see p 192]) the main ingredient here is the solution to the Neumann 
problem over Z , according to which the operator 

r$ : LP{Z) ^ LP{Z) e dLlidz), 
f^{Af + \^\^f,d.f) 

is a Fredholm operator of index (see |S2 Section 5.7] and ^| pages 85-86]). 
Here v is the inward-pointing unit normal along dZ , and dL-^{dZ) is the space 
of boundary values of functions on Z . Henceforth we work with imaginary- 
valued functions, and on dZ we identify 3-forms with functions by means of 
the Hodge *-operator. Then r<j, = J^I^ , where 

J<i,(o,0) = (T|(a,(/)), (*a)|a^). 

Choose a bounded linear map 

p: LP{Z) © dL^idZ) := T^iLGt,) 

which restricts to the identity on W , and set = pJ^. An application of 
Stokes' theorem shows that 

ker(T$) C ker(X$) in L\(Z)^ 

hence 

T$ = J* J$ : LQ^^W 

is an isomorphism. In general, if Vi — > V2 — > V3 are linear maps between 
vector spaces such that T2T1 is an isomorphism, then V2 = im(Ti) © ker(T2). 
Therefore, for any {A, $) € we have 

L?(Z;iA^©S) =T$(Lgt,)©ker(J#), 

where both summands are closed subspaces. Thus we obtain the analogue of 
Proposition 12.61 with local slices of the form (A,^) + U, where C/ is a small 
neighbourhood of E ker(jj^). 

3 Moduli spaces 
3.1 Spin'^ structures 

It will be convenient to have a definition of spin'^ structure that does not re- 
fer to Riemannian metrics. So let X be an oriented n-dimensional manifold 
and -Pql+ its bundle of positive linear frames. Let GL"'"(n) denote the 2-fold 
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universal covering group of the identity component GL''~(n) of GL(n,M), and 
denote by —1 the non-trivial element of the kernel of GL'*'(n) — > GL^(n). Set 

GL^(n) = GL+(n) x U(l). 

±(1,1) 

Then there is a short exact sequence 

^ Z/2 ^ GL^(n) ^ GL+(n) x U(l) ^ 1, 

and Spin'^(n) is canonically isomorphic to the preimage of SO(n) by the pro- 
jection GL^(n) ^ GL+(n). 

Definition 3.1 By a spin"^ structure s on X we mean a principal GL'^(n)- 
bundle Pgl'^ X together with a GL'^(n) equivariant map -Pgl'= — ^ -fGL+ 
which covers the identity on X . If s' is another spin'^ structure on X given by 
P'qi^c — > ^GL+ then s and s' are called isomorphic if there is a U(l) equivariant 
map P'qi^c PqIj" which covers the identity on -Pql+ . 

The natural U(l)-bundle associated to Pql'^ is denoted £, and the Chern class 
ci {C) is called the canonical class of the spin'^ structure. 

Now suppose X is equipped with a Riemannian metric, and let Pso be its bun- 
dle of positive orthonormal frames, which is a principal SO(n) -bundle. Then 
the preimage -Pspin'= of Pso by the projection Pgl'^ ^gl+ ^ principal 
Spin'^(n) -bundle over X, ie a spin'^ structure of X in the sense of [22j. Con- 
versely, Pgl<= is isomorphic to -Pspin'= x Glf{n) . Thus there is a natural 

Spin'^n 

1-1 correspondence between (isomorphism classes of) spin'^ structures of the 
smooth oriented manifold X as defined above, and spin'^ structures of the ori- 
ented Riemannian manifold X in the sense of |23j . 

By a spin connection in Pspin^ we shall mean a connection in Pspin= that maps 
to the Levi-Civita connection in Pgo • If vl is a spin connection in Pspin= then 
Fa will denote the iM component of the curvature of A with respect to the 
isomorphism of Lie algebras 

spin(n) © iM ^ spin'^(n) 

defined by the double cover Spin(n) x U(l) Spin'^(n) . In terms of the induced 
connection A va. C one has 

Fa = \f,. 

If A^A! are spin connections in Pspin'^ then we regard A — A! as an element of 
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The results of Section [2 carry over to spaces of configurations {A, where A 
is a spin connection in Pspin= and ^ a section of some complex vector bundle 

When the spin^ structure on X is understood then we will say " spin connection 
over X " instead of " spin connection in i-'spin'^ " • 

If n is even then the complex Clifford algebra C£{n) has up to equivalence 
exactly one irreducible complex representation. Let S denote the associated 
spin bundle over X . Then the eigenspaces of the complex volume element ujq 
in Ce{n) defines a splitting S = S+ S" (see \^). 

If n is odd then C£{n) has up to equivalence two irreducible complex represen- 
tations pi,p2- These restrict to equivalent representations of Spin'^(n), so one 
gets a well-defined spin bundle S for any spin'^ structure on X [22] . If a is the 
unique automorphism of C£{n) whose restriction to M" is multiplication by —1 
then pi ~ p2 o a. Hence if A is any spin connection over X then the sign of 
the Dirac operator depends on the choice of pj . To remove this ambiguity 
we decree that Clifford multiplication of TX on S is to be defined using the 
representation pj satisfying Pj{uJc) = 1. 

In the case of a Riemannian product MxX there is a natural 1-1 correspondence 
Spin'^(M X X) = Spin'^(X), and we can identify 

^Rxx = M X £x- 

If A is a spin connection over M x X then A|jjjxX will denote the spin con- 
nection B over X satisfying j4||(}xx = B. 

When n is odd then we can also identify 

S+^^=RxSx. (11) 

If e is a tangent vector on X then Clifford multiplication with e on Sx corre- 
sponds to multiplication with eoe on S^xjc where eo is the positively oriented 
unit tangent vector on M. Therefore, reversing the orientation of X changes 
the sign of the Dirac operator on X . 

From now on, to avoid confusion we will use Ob to denote the Dirac operator 
over a 3 -manifold with spin connection B, while the notation will be 
reserved for Dirac operators over 4-manifolds. 

By a configuration over a spin*^ 3-manifold Y we shall mean a pair (B,^) 
where i? is a spin connection over Y and ^ a section of the spin bundle Sy . 
By a configuration over a spin'^ 4-manifold X we mean a pair (A, $) where A 
is a spin connection over X and $ a section of the positive spin bundle §J^ . 
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3.2 The Chern— Simons— Dirac functional 

Let y be a closed Riemannian spin'^ 3-manifold and rj a closed 2-form on Y 
of class . Fix a smooth reference spin connection Bq over Y and for any 
configuration {B,^) over Y define the Chern-Simons-Dirac functional = i?^ 
by 

^{B, ^) = -1 J^{Fb + Fb^ + 2iri) A(B-Bo)-^ Jy^^''^' 

Here and elsewhere (•, •) denotes Euclidean inner products, while (•, ■)£ denotes 
Hermitian inner products. Note that reversing the orientation of Y changes the 
sign of 'd. Let C = Cy denote the space of configurations (i?,^). Then 
defines a smooth map Cy ^ M which has an gradient 

If {fflj} is a local orthonormal basis of imaginary- valued 1 -forms on Y then 

3 

i=i 

Here and elsewhere the inner products are Euclidean unless otherwise specified. 
Since Vt? is independent oi Bq, "& is independent of Bq up to additive constants. 
If n: Y ^ U(l) then 

i}{u{S)) - ^{S) = j (pB + iv) /\u-^du = 2TT j ^aM, 

where [u] G H'^iY) is the pull-back by u of the fundamental class of U(l), and 
77 is as in (j21). 

The invariance of under null-homotopic gauge transformations imply 

llV^iB,^) = 0. (12) 
Let H(^B,^>) ■ L?' be the derivative of Vi?: C ^ at [B, ^i), ie 

H^bM^,4^) = {*db-a{^,i;),-b^ -Ob^P). 

Note that H(^b,^) is formally self-adjoint, and H(^b,^)^^ = if Bb^ = 0. 
As in |15j . a critical point (-B,^) of t9 is called non- degenerate if the kernel 
of + Hf^B,^) ill ^1 is zero, or equivalently, if Tij, + Hi^b,^) '■ L\ ^ L"^ is 
surjective. Note that if rj is smooth then any critical point of 'Qr) has a smooth 
representative. 
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Let Q be the Hilbert Lie group of maps Y U(l) , and Qq c G the subgroup 
of null-homotopic maps. Set 

B = c/g, B = c/go. 

Then i? descends to a continuous map ;B ^ M which we also denote by "i?. 
If Condition (01) holds (which we always assume when no statement to the 
contrary is made) then there is a real number q such that 

^(^5) = ^{S) + qZ 

for all configurations S . If (01) does not hold then 'Q{QS) is a dense subset of 
M. 

If 5 is any smooth configuration over a band (a, 6) x y , with a < 5, let V'!?5 be 
the section of the bundle 7r2(Sr ® iAy) over (a, h) xY such that V^s\{t}xY = 
V'&St ■ Here 712- M x y ^ F is the projection. Note that S ^ V'ds extends to 
a smooth map L? . 

Although we will normally work with L\ configurations over Y , the following 
lemma is sometimes useful. 

Lemma 3.1 "9 extends to a smooth function on the space of L'^^^ configura- 
tions over Y . 

Proof The solution to the Dirichlet problem provides bounded operators 

E: Ll/^iY)^LliR+xY) 

such that, for any / € Ly^{Y) , the function Ef restricts to / on {0} x Y 
and vanishes on (l,oo) x Y, and Ef is smooth whenever / is smooth, (see 
|3H p307]). Similar extension maps can clearly be defined for configurations 
over Y . The lemma now follows from the observation that if S is any smooth 
configuration over [0, 1] xY then 

J[0,l]xY \ dt / 

and the right hand side extends to a smooth function on the space of L? con- 
figurations S over [0, 1] X y. □ 

We will now relate the Chern-Simons-Dirac functional to the 4-dimensional 
monopole equations, cf j2H I28j . Let X be a spin'^ Riemannian 4-manifold. 
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Given a parameter fj, S Q'^{X) there are the fonowing Seiberg-Witten equations 
for a configuration {A,^) over X : 

where 

3 



for any local orthonormal basis {ctj} of imaginary- valued self-dual 2-forms on 
X . If is another section of then one easily shows that 

Now let X = M X y and for present and later use recall the standard bundle 
isomorphisms 

p^: Tr*2{A°{Y)® A\Y)) ^ A\RxY), {f,a)^fdt + a, 

1 (14) 
(Ai(y)) ^ A+(M X y), -{dtAa + *Ya). 

Here *y is the Hodge *-operator on Y . Let fi be the pull-back of a 2-form r] 
on y. Set = "i?^. Let S = (A,^) be any smooth configuration over M x y 
such that A is in temporal gauge. Under the identification Sj^^y ~ '''"2(§^) '^^ 
have 

Let Vi^?, V2i9 denote the 1-form and spinor parts of Vt?, respectively. Then 

+ ^2^S = -dt ■ Da^, 
Thus, the downward gradient flow equation 

^ + V^5 = 
ot 

is equivalent to the Seiberg-Witten equations (fT^j) . 



(15) 



3.3 Perturbations 

For transversality reasons we will, as in add further small perturbations 
to the Seiberg-Witten equation over M x y. The precise shape of these pertur- 
bations will depend on the situation considered. At this point we will merely 
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describe a set of properties of these perturbations which wih suffice for the 
Predholm, compactness, and gluing theory. 

To any Lf configuration S over the band (— ^, ^) x Y there will be associated 
an element h{S) G M.^ , where N > 1 will depend on the situation considered. 
If S is an Lf configuration over B+ = (a— ^, b+^)xY where — cxd < a < 6 < cxd 
then the corresponding function 

hs : [a, b] 

given by hs{t) = /i('S'|(t_i/2,t+i/2)xy ) will be smooth. These functions hs will 
have the following properties. Let So be a smooth reference configuration over 
B+. 

(PI) For < /c < oo the assignment s i— > hs„+s defines a smooth map — >■ 
whose image is a bounded set. 

(P2) If Sn ^ S weakly in then \\hs„ ~ ^S'llc'= ^0 every k > 0. 
(P3) hs is gauge invariant, ie hs = /^^(S) smooth gauge transformation 

u. 

We will also choose a compact codimension submanifold E C which 

does not contain h{a) for any critical point a, where a is the translationary 
invariant configuration over R x Y determined by a. Let ^ = *Py denote the 
space of all (smooth) 2-forms on x Y supported in H x For any S as 
above and any p G ^ let hs,p G f2^([a, b] x Y) denote the pull-back of p by the 
map hs xld. It is clear that hs,p{t,y) = if hs{t) ^ E. Moreover, 

||/i5,p||c^ <7fe||p|lc^ (16) 
where the constant 7^ is independent of S,p. 

Now let —00 < a < 6 < 00 and B = (a, 6) x F. If q: B — M is a smooth 

function then by a (p, q) -monopole over B we shall mean a configuration S = 
(^, <I>) over B+ = {a — ^,b + ^) x Y (smooth, unless otherwise stated) which 
satisfies the equations 

{Fa + iTT^r] + ^q/^s,p)+ = Q(^) 



(17) 

over B, where rj is as before. If A is in temporal gauge then these equations 
can also be expressed as 

aa 

-l = -VAs.+Es{t), (18) 

where the perturbation term Es{t) depends only on the restriction of S to 

{t-^,t + ^) xY. 
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To reduce the number of constants later, we will always assume that q and 
its differential dq are pointwise bounded (in norm) by 1 everywhere. Note 
that if q is constant then the equations ()17() are translationary invariant. A 
(p, q)-monopole with qhs^p = is called a genuine monopole. In expressions 
like ||-Fyi||2 and H'l'lloo the norms will usually be taken over B. 

For the transversality theory in Section IS] we will need to choose a suitable 
Banach space ^ = of forms p as above (of some given regularity). It will 
be essential that 

C(B+) x^^ LP{B, A2), {S, p) ^ hs,p (19) 

be a smooth map when o, b are finite (here p > 2 is the exponent used in 
defining the configuration space C(B~^)). Now, one cannot expect hs^p to be 
smooth in S unless p is smooth in the direction (this point was overlooked 
in IE])- It seems natural then to look for a suitable space *P consisting of 
smooth forms p. Such a *P will be provided by Lemma |H21 The topology on 
^ will be stronger than the C°° topology, ie stronger than the topology 
for every k. The smoothness of the map (|19|) is then an easy consequence of 
property (PI) above and the next lemma. 

Lemma 3.2 Let A be a topological space, U a Banach space, and K C M" a 
compact subset. Then the composition map 

Cb(AM") X C\M^,U)k ^ Cb{A,U) 

is of class C^~^ for any natural number k. Here Cb{A, •) denotes the sup- 
remum-normed space of bounded continuous maps from A into the indicated 
space, and C^{W^, U)k is the space of maps R" — > U with support in K . 

Proof This is a formal exercise in the differential calculus. □ 
3.4 Moduli spaces 

Consider the situation of Subsection 11.31 (We do not assume here that (A) 
holds.) We will define the moduli space M{X; a) . In addition to the parameter 
/i this will depend on a choice of perturbation forms pj G ^Py^ and a smooth 
function q: X ^ [0,1] such that ||(iq||oo < 1, q~^(0) = X.z, and q = 1 on 
[3,oo)xy. 

Choose a smooth reference configuration So = {Aq, $o) over X which is trans- 
lationary invariant and in temporal gauge over the ends, and such that So\{t]xYj 
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represents aj G TZy^ ■ Let p > A and choose w as in Subsection 12.11 Let b be a 
finite subset of X and define C^Q\,,B\j as in Subsections 12 . II and 12 .41 For clarity 
we will sometimes write C{X; a) etc. Set p = (pi, . . . ,pr) and let 

Mb(X; a) = MbiX; a; /x; p) C 

be the subset of gauge equivalence classes of solutions S = {A, <I>) (which we 
simply refer to as monopoles) to the equations 

FA + il2 + iqJ2hs,p}j -g($)=0 ^^^^ 
L>A^ = 0. 

It is clear that q Y2j ^s,pj vanishes outside a compact set in X . If it vanishes 
everywhere then S is called a genuine monopole. If b is empty then we write 
M = Mt,. 

Note that different choices of So give canonically homeomorphic moduli spaces 
Mi,{X;d) (and similarly for Bb{X;a)). 

Unless otherwise stated the forms /x and pj will be smooth. In that case every 
element of Mf,(X; a; /i; p) has a smooth representative, and in notation like 
[S] S M we will often implicitly assume that S is smooth. 

We define the moduli spaces M{a,(3) = M{a,(3;p) of Subsection II . 2 1 similar Iv. 
except that we here use the equations (|T7j) with q = 1 . 

The following estimate will be crucial in compactness arguments later. 
Proposition 3.1 For any element [A,^] £ M{X;d) one has that either 
^> = or ||$||^ < inf s(a;) +4||/i||oo + 47omax||pj||oo, 

2 xeX J 

where s is the scalar curvature of X and the constant 70 is as in ifT^). 



Proof Let denote the spinor field of Ao\[t}xYj- If 1^1 has a global maxi- 
mum then the conclusion of the proposition holds by the proof of j2H Lemma 2]. 
Otherwise one must have ||$||oo = maxj ||^j||co because of the Sobolev embed- 
ding L\ C on compact 4-manifolds. But the argument in [25 applied to 
M X y yields 

^^^• = or llV'jllL < -J inf s(a;) +4||//||oo 
for each and the proposition follows. □ 
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The left hand side of (^01) can be regarded as a section 6(5') = Q{S,fi,p) of 
the bundle A+ © over X . It is clear that Q defines a smooth map 

which we call the monopole map. Let DQ denote the derivative of Q . We claim 
that 

U + DQ{S): L?'"' ^LP''" (21) 

is a Predholm operator for every S = (A,^) € C. Note that the pj -perturba- 
tions in (PU)) only contribute a compact operator, so we can take pj = for each 
j . We first consider the case X = M x y, with fi = 7r2?/ as before. By means of 
the isomorphisms ()14() . (jllj) and the isomorphism S"*" ^ S~ , (j) dt ■ cj) we can 
think of DQs as acting on sections of vr2(Ay © Ay © Sy) . If A is in temporal 
gauge then a simple computation yields 

Des = j^+Ps^, (22) 

where 

for any configuration (B,'^) over y. Note that P{b,^) is elliptic and for- 
mally self-adjoint, and if {B, ^) is a non-degenerate critical point of t?,, then 
kerP(5^^) = kerX^. Thus, the structure of the linearized equations over a 
cylinder is analogous to that of the instanton equations studied in jTUl , and the 
results of JOl carry over to show that <\21^ is a Fredholm operator. 

The index of (|21() is independent of S and is called the expected dimension of 
M{X;d). If S G C is a monopole and DQ{S): L?'"' ^ LP'"" is surjective then 
[S] is called a regular point of Mi,{X;d). If in addition S E then [S] has 
an open neighbourhood in Mb{X;d) which is a smooth submanifold of B'^ of 
dimension 

dim Mb{X;a) = index(X| + DG{S)) + \b\. 



4 Local compactness I 

This section provides the local compactness results needed for the proof of 
Theorem II .41 assuming (Bl). 
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4.1 Compactness under curvature bounds 

For the moment let B be an arbitrary compact, oriented Riemannian manifold 
with boundary, and v the outward unit normal vector field along dB. Then 

n*{B) ^n*{B)®n*{dB), {{d + d*)<p,i{v)(i)) (23) 

is an elliptic boundary system in the sense of Here i{v) is contraction 

with By [13 Theorems 20.1.2, 20.1.8] we then have: 

Proposition 4.1 For k > 1 the map extends to a Fredholm operator 
Ll{B,A%) ^ Ll_,{B,A%)eLl__,idB,AlB) 

2 

whose kernel consists of C°° forms. 

Lemma 4.1 Let X be a spin'^ Riemannian A-manifold and Vi C C • • • 
precompact open subsets of X such that X = UjVj . For n = 1, 2, . . . let be 
a 2-form on Vn, and Sn = {An,^n) a smooth solution to the Seiberg-Witten 
equations ifT^) over Vn with fj. = fj.n- Let q > A. Then there exist a subsequence 
{rij} and for each j a smooth Uj : Vj ^ U{1) with the following significance. 
If k is any non-negative integer such that 

snp (\\^n\\Li{Vj) + \\F{An)\\L^{V,) + ll/^n|lc"={V,)) < OO (24) 
n>j ^ ' 

for every positive integer j then for every p > 1 one has that uj {Sn ) converges 
weakly in i^^^ and strongly in over compact subsets of X as j ^ co. 

Before giving the proof, note that the curvature term in (|24|) cannot be omitted. 
For if UJ is any non-zero, closed, anti-self-dual 2-form over the 4~ball B then 
there is a sequence An of U(l) connections over B such that F{An) = into. 
If Sn = {An , 0) then there are clearly no gauge transformations Un such that 
Un{Sn) converges (in any reasonable sense) over compact subsets of B. 

Proof Let B d X he a, compact 4-ball. After trivializing C over B we can 
write An \b = d + an, where d is the spin connection over B corresponding to 
the product connection in C\b. By the solution of the Neumann problem (see 
[SH) there is a smooth ^n '■ B — > iM such that bn = Qn- di satisfies 

d*bn = 0; *bn\dB = 0. 

Using the fact that H^{B) = one easily proves that the map H23|) is injective 
on Q,^{B). Hence there is a constant C such that 

MlUB) < C{\\{d + d*)b\\L2^B) + \\*b\dB\\Ll^^idB)) 
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for all b e n^{B). This gives 

WbnhliB) < C\\dbn\\L^{B) = C\\F{An)\\ l2(B) ■ 

Set Vn = exp(^„) . It is now an exercise in bootstrapping, using the Seiberg- 
Witten equations for Sn and interior elliptic estimates, to show that, for every 
A; > for which (|24|) holds and for every p > 1, the sequence Vn{Sn) = {d + 
bn,Vn^n) is bounded in L^_^_i over compact subsets of mt{B). 

To complete the proof, choose a countable collection of such balls such that the 
corresponding balls of half the size cover X , and apply Lemma lA.ll □ 

4.2 Small perturbations 

If S is any smooth configuration over a band (a, b) xY with a < b, the energy 
of S is by definition 

energy (5) = [ \V^s\^- 

J[a,b]xY 

If /S is a genuine monopole then dt'i!}{St) = — /y iVi^^J^, and so the energy 
equals i?(S'a) — i^iSb). If S is a (p, q) -monopole then one no longer expects 
these identities to hold, because the equation (fTH)) is not of gradient flow type. 
The main object of this subsection is to show that if ||p||(^i is sufficiently small 
then, under suitable assumptions, the variation of ^{St) still controls the energy 
locally (Proposition 14. 2|) . and there is a monotonicity result for ^(St) (Propo- 
sition . 

It may be worth mentioning that the somewhat technical Lemma f4.4l and Propo- 
sition 14.21 are not needed in the second approach to compactness which is the 
subject of Section ISI 

In this subsection q : M x 1" M may be any smooth function satisfying 
||q||oo, ll'iqiloo < 1- Constants will be^ independent of q. The perturbation 
forms p may be arbitrary elements of 

Lemma 4.2 There is a constant Co > such that if — oo < a < 6 < oo and 
S = (A,^) is any {p , q) -monopole over (a, 6) x Y then there is a pointwise 
bound 

\F{A)\ < 2\V^s\ + + Co|$P + ToIIpIIoo- 

Proof Note that both sides of the inequality are gauge invariant, and if A is 
in temporal gauge then 

F{A) = dtA^+FY{At), 
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where Fy stands for the curvature of a connection over Y . Now use inequah- 
ties (UHl and □ 

Lemma 4.3 There exists a constant Ci > such that for any r > and any 
{p,q) -monopole S over (0, r) x Y one has 



[ |Vt?5|' < 2(^?(5o) - ^Sr)) + CfrMl. 

J[0,t]xY 



RecaU that by convention a (p, q) -monopole over (0, r) x y is actually a con- 
figuration over {—^,T + ^) X Y , so the lemma makes sense. 

Proof We may assume S is in temporal gauge. Then 
^{Sr) - nSo) = r dt^iSt) dt 



= I {V^s,-'^^s + Es)dt 

J[0,t]xY 

<\\V^sU\\Es\\2-\\V^s\\2), 

where the norms on the last line are taken over [0,t] xY. If a,b,x are real 
numbers satisfying x'^ — bx — a <0 then 

< - 2bx + 6^ < 2a + b^. 

Putting this together we obtain 

msf2<2{^{So)-^{Sr)) + \\Es\\l 

and the lemma follows from the estimate H16|) . □ 

Lemma 4.4 For all C > there exists an e > with the following significance. 
Let r > 4, p G *P with \\p\\ooT^^'^ < e, and let S = {A, $) be a (p, q)-monopole 
over (0, r) x Y satisfying ||<&||oo ^ C. Then at least one of the following two 
statements must hold: 

(i) dti^{St) <0 for 2 <t <T -2, 

(ii) ^St^) < forO<ti<l, T-l<t2<T. 

Proof Given C > 0, suppose that for n = 1, 2, . . . there exist t„ > 4, p^ G ^ 

1/2 

with llpnIlooTn < 1/n, and a (pn, qn)-monopole Sn = {An, $„) over (0, r„) xT 
satisfying ||<l*n||oo ^ C such that (i) is violated at some point t = tn and (ii) 
also does not hold. By Lemma 14.31 the last assumption implies 

l|Vi?s„||L2([i,T„-i]xy) 

<Ci||p„||ooTy2<C7i/n. 
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For s e M let : M x y ^ M x T be translation by s : 

Ts{t,y) = {t + s,y). 

Given p > 2 then by Lemmas 14.21 and 14. II we can find ( — 1, 1) xY ^ U(l) 
in -^^2ioc such that a subsequence of Un{T-i*^{Sn)) converges weakly in over 
(— ^, ^) X Y to an solution S' to the equations with fj, = TTg??. Then 
V^S' = 0- After modifying the gauge transformations we can even arrange that 
S' is smooth and in temporal gauge, in which case there is a critical point a of 
such that S'{t) = a. After relabelling the subsequence above consecutively 
we then have 

hsM ^hs^ {0)^E. 

Since H is closed, hs„{tn) H for n sufficiently large. Hence, dtlt^'&iSnit)) = 
— ||V'!?5^(f^)|P < 0, which is a contradiction. □ 



Proposition 4.2 For any constant C > there exist C',6 > such that if 
S = {A, <i>) is any (p, q)-monopole over (-2,r+4) xY where T > 2, ||p||oo < (5, 
and ||*l?||oo ^ C , then for 1 < t < T — 1 one has 

[ |V^?sP<2f sup ^{S^r) - ini nSr+r)) +C'\\p\\l. 

Jlt-l,t+l]xY \0<r<l 0<r<4 J 



Proof Choose e > such that the conclusion of Lemma 14.41 holds (with this 
constant C), and set 6 = e/\/6. We construct a sequence to,...,tm of real 
numbers, for some m > 1, with the following properties: 

(i) -1 < to < and T < < T + 4, 

(ii) For i = 1, . . . , m one has I <ti — ti-i < 5 and t?(5'jj < '&{St^_-^^) . 

The lemma will then follow from Lemma 14.31 The ti 's will be constructed 
inductively, and this will involve an auxiliary sequence tg, • • • , t^+i • Set t_i = 
^0 = 0. 

Now suppose have been constructed for < i < j. If t^- > T then we 

set tj = t'j and m = j , and the construction is finished. If t'j < T then we 
define tj,t'j^-^ as follows: 

If dt'&{St) < for ah t £ [t'j,t'- + 2] set tj = t'- and t'-^-^ = t'- + 2; otherwise set 
tj = t'j-l and t^.+i = t^. +4. 

Then (i) and (ii) are satisfied, by Lemma 14.41 □ 



Geometry & Topology, Volume 9 (2005) 



Monopoles over 4 -manifolds containing long necks, I 



37 



Proposition 4.3 For all C > there exists a 6 > such that if S = {A, is 
any (p, q)-monopole in temporal gauge over (—1, 1) x Y such that HpUci < 6, 
ll^lloo < C, and WV-dsh < C then the following holds: Either dtloi^iSt) < 0, 
or there is a critical point a such that Sf = a for \t\ < ^. 

Proof First observe that if S is any configuration over M x y then 

^{St,) - HSt,) = r [ {V^s„dtSt)dydt, 
Jti Jy 

hence '&{St) is a function of t whose derivative can be expressed in terms 
of the gradient of "d as usual. 

Now suppose there is a C > and for ra = 1, 2, . . . a p„ G *p and a (p„, (\n)- 
monopole Sn = {An-, ^n) over (-1, 1) x F such that ||pn||ci 
||V7?5„||2 < C, and dt\Q-Q{Sn{t)) > 0. Let p > 4 and < e < i. After passing to 
a subsequence and relabelling consecutively we can find Un'- (— 1, 1) x y ^ U(l) 
in -/^lioj. such that 5„ = Un{Sn) converges weakly in L^, and strongly in C^, 
over (— ^ — e,^ + e) xY to a smooth solution 5' of (fT3|) with /i = 712^- We 
may arrange that S' is in temporal gauge. Then 

< dt\o'd{Sn{t)) = J^{V^s„{ovdt\oSn{t)) ^ dtlo^iS't). 

But S' is a genuine monopole, so 9f'!?(5Q = — llV^Jg^Hl. It also follows that 
V^S'(o) = 0) hence V-ds' = in (— ^ — e, ^ + e) x y by unique continuation as 
in ^1 Appendix]. Since hs„ — > hs' uniformly in [— e,e], and hs' = const H, 
the function hs„ maps [— e, e] into the complement of H when n is sufficiently 
large. In that case, Sn restricts to a genuine monopole on [— e, e] x Y , and the 
assumption dt\o^{Sn{t)) > implies that Vids„ = on [— e,e] x Y. Since this 
holds for any e G (0, the proposition follows. □ 

We say a (p, q) -monopole S over M+xy has finite energy if inf(>o > —00. 
A monopole over a 4-manifold with tubular ends is said to have finite energy 
if it has finite energy over each end. 

Proposition 4.4 Let C, 6 be given such that the conclusion of Proposition^^ 
holds. If S = {A,^) is any Enite energy (p , q) -monopole over x Y with 
IIpIIci < q = 1> II*I*IIoo < C, and 

sup||Vt?s'||L2((t-i,t+i)xy) < C 

then the following hold: 
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(i) There is a t > such that S restricts to a genuine monopole on 
{t, oo) X Y , 

(ii) [St] converges in By to some critical point as t ^ oo. 

Proof Let p > 4. If is any sequence with t„ — > cxd as n ^ co then by 
Lemmas l4.1l and l4.2l there exist u„ G Lg j^^(Mxy; U(l)) such that a subsequence 
of Un {T-i*^ S) converges weakly in L2 (hence strongly in ) over compact subsets 
of M X y to a smooth (p, q) -monopole S' in temporal gauge. Proposition 14.31 
guarantees that dti}{St) < for t > 1, so the finite energy assumption implies 
that '&{St) is constant. By Proposition 14.31 there is a critical point a such that 
S'f = a for all t. This implies (i) by choice of the set S (see Subsection 13. 3j) . 
Part (ii) follows by a continuity argument from the facts that By contains only 
finitely many critical points, and the topology on By defined by the -metric 
is weaker than the usual topology. □ 

The following corollary of Lemma l3. II shows that elements of the moduli spaces 
defined in Subsection 13.41 have finite energy. 

Lemma 4.5 Let S be a configuration over x Y and a a critical point of 
1} such that S — a£ for some p >2. Then 

'&{St) — > '&{a) as t ^ 00. 



4.3 Neck-stretching I 

This subsection contains the crucial step in the proof of Theorem II . 41 assuming 
(Bl), namely what should be thought of as a global energy bound. 

Lemma 4.6 Let X be as in Subsection and set Z = X-i . We identify 
Y = dZ . Let /xi,//2 £ ^^{Z), where d^i = 0. Set r] = ^i\y and ^ = /ii + /i2- 
Let A o be a spin connection over Z , and let the Chern— Simons— Dirac functional 
•dj^ over Y be defined in terms of the reference connection Bq = Ao\y . Then for 
all configurations S = {A, $) over Z which satisfy the monopole equations 
one has 



2i?^(5|y) + ^ (iva^-P + \Fa + m\ 



< CVol{Z) (1 + ||$||^ + llF^Jloo + llwlloo + \\^^2\\oo + ||s||oo)' 

for some universal constant C , where s is the scalar curvature of Z . 
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The upper bound given here is not optimal but suffices for our purposes. 

Proof Set = Fa + ifJ-i and define F^^ similarly. Set B = A\y ■ Without 
the assumption dfii = we have 

/ |FAP= / (2|(FA)+P + f;aFA) 
Jz Jz 

= {2\Q{^) - ifi+f + f:^^ a FA„ - M/ii A {A- Ao)) 

+ j^{FB+ Fb^ + 2ir/) A (B - Bo). 

Without loss of generality we may assume A is in temporal gauge over the 
collar ^([0, 1] X y). By the Weitzenbock formula we have 

q = D\^ = V\Va^ + fX + \. 

This gives 

Consider now the situation of Subsection 11.41 If (Bl) holds then we can find a 
closed 2-form /^i on X whose restriction to M+ x (±y^) is the pull-back of r/j, 
and whose restriction to x Y- is the pull-back of r/^- . From Lemma 14.(11 we 
deduce: 



Proposition 4.5 For every constant Ci < oo there exists a constant C2 < oo 
with the foUowing significance. Suppose we are given 



T,Co < 00 and an r -tuple T such that r < Tj for each j . 



real numbers , 1 < j < r and rj , 1 < j < r' satisfying < Tj — < r 



and < rj < r. 



Let Z be the result of deleting from X*^"^^ all the necks {—Tj , r^^) xY,- , 1 < j < r 
and all the ends (rj,oo) x Yj , 1 < j < r' . Then for any conhguration S = 
(A, $) representing an element of a moduli space ;a';/i;p, p') where 
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Yl^j=i'^i'^'j) > ~Co and pj,p'j,fi all have norm < Ci one has that 
I (|Va1>P + \Fa + + 2 ^ {m{-r-}.Y,) - ^(5|{.+ }xy.)) 

r' 

+ 2 - T?(a;.)) < C2(l + r) + 2Co. 

i=i 

Thus, if each pj , p^- has sufficiently small norm then Lemma [4.5l and Propo- 
sition pi'ovides local energy bounds over necks and ends for such monopoles. 
(To apply Proposition 14.21 one can take to be the point t in a suitable inter- 
val where ib??(5||t}xY, ) attains its maximum, and similarly for rj.) Moreover, 
if these perturbation forms have sufficiently small norms then we can apply 
Proposition 14.31 over necks and ends. (How small the norms have to be 
depends on Cq.) 

5 Local compactness II 

This section, which is logically independent from Section [l] provides the local 
compactness results needed for the proof of Theorem II .41 assuming (B2). 

While the main result of this section. Proposition 15.51 is essentially concerned 
with local convergence of monopoles, the arguments will, in contrast to those of 
Section |2 be of a global nature. In particular, function spaces over manifolds 
with tubular ends will play a central role. 

5.1 Hodge theory for the operator —d* + 

In this subsection we will study the kernel (in certain function spaces) of the 
elliptic operator 

p = -d* + d+ : Vl}{X) J1°(X) © J1+(X), (25) 

where X is an oriented Riemannian 4-manifold with tubular ends. The no- 
tation ker(D) will refer to the kernel of T> in the space il^(X) of all smooth 
1-forms, where X will be understood from the context. The results of this 
subsection complement those of [ITJ) . 

We begin with the case of a half-infinite cylinder X = M_|_ x Y , where Y is any 
closed, oriented, connected Riemannian 3-manifold. Under the isomorphisms 
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H14|) there is the identification D = + P over x Y , where P is the 
self-adjoint elhptic operator 



P 



-d* 
—d *d 



acting on sections of A°(y)©A^(y) (cf (HU). Since is the Hodge Laplacian, 

ker(P) = H^{Y)® H^{Y). 
Let {hiy} be a maximal orthonormal set of eigenvectors of P, say Ph,^ = Xph^y. 



Given a smooth 1-form a over x y we can express it as a = '^jjfuhu, 
where /j.: M+ ^ M. If Pa = then f^{t) = c^e'^"^ for some constant . If 
in addition a € L'^ for some p > 1 then /i/ G for all i^, hence = when 
< 0. Elliptic inequalities for T> then show that a decays exponentially, or 
more precisely, 

l(V%)(i,,)| </?ie-^* 

for {t,y) E x Y and j > 0, where /3j is a constant and 5 the smallest 
positive eigenvalue of P. 

Now let fj > be a small constant and a G ker(D) n L^'"" . Arguing as above 
we find that 

a = b + cdt + TT*ii, (26) 

where h is an exponentially decaying form, c a constant, vr: x y ^ y, and 
G ^^^(^) harmonic. 

We now turn to the case when X is an oriented, connected Riemannian 4- 
manifold with tubular end M+ x Y (so X \ M+ x y is compact). Let yi, . . . , y,- 
be the connected components of Y and set 

s 

y'=Uy„ Y" = Y\Y', 

where < s < r. Let (j > be a small constant and k: X ^ M a smooth 
function such that 

_j-(Tt on M+xy 
~ [at on M+ X Y", 

where t is the M+ coordinate. Our main goal in this subsection is to describe 
ker(P) nLP''^. 

We claim that all elements a S ker(D) n L^'*^ are closed. To see this, note first 
that the decomposition shows that a is pointwise bounded, and da decays 
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exponentially over the ends. Applying the proof of 1 1 , Proposition 1.1.19] to 
X.,T = X\ (T, oo) X y we get 

d^ap — |(i~ap) = / da A da = d{a A da) 

a Ada ^ as T — > cxd. 

dX.,T 

Since d"'"o = 0, we conclude that da = 0. 

Fix r > and for any a G ^^{X) and j = 1, . . . , r set 

Rja= / *a. (27) 

J{r}xyj 

Recall that d* = — * d* on 1 -forms, so if (i*a = then Rja is independent of 
r. Therefore, if a G ker(I?) n L^''^ then i?ja = for j > s, hence 



Set 



^^iZja= / *a = d*a = 0. 



H = {(zi,...,z,) gM« : ^z,- =0}. 



Proposition 5.1 In the situation above the map 

a: ker(2?) n L^'" ^ ker(Ili(X) ^ H\Y")) © H, 
a ([a], (i?ia, . . . ,Rsa)) 

is an isomorphism. 

Proof We first prove a is injective. Suppose a(a) = 0. Then a = df for 
some function / on X . From the decomposition ()26() we see that a decays 
exponentially over the ends. Hence / is bounded, in which case 

2 



0= / fd*a= / \a 
'x Jx 



This shows a is injective. 



Next we prove a is surjective. Suppose b G Q^(X), db = 0, [6|y"] = 0, 
and (zi,...,Zs) G H. Let ip G ^^"^(5^) be the harmonic form representing 
[6|y] G //H^")- Then 
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for some / : x y ^ M . Choose a smooth function p : X — > M which vanishes 
in a neighbourhood of X.q and satisfies p = 1 on [r, oo) x Y. Set zj = for 
j > s and let z be the function on Y with z|y^. = Vol(l^)^^Zj . Define 

b = b + dipitz-f)). 
Then over [r, cxd) x y we have b = tt*^ + zdt, so d*b = in this region, and 

f d*b = - [ *b = - f z = 0. 

Let R: X — > M be a smooth function which agrees with |k| outside a compact 
set. By Proposition 12.31 we can find a smooth ^: X ^ M such that G L^''^ 
and 

d*(b + di) = 0. 

Set a = 6 + d^. Then [d + d*)a = and a(a) = ([6], (zi, . . . , -z^)) . □ 

The following proposition is essentially '10', Proposition 3.14] and is included 
here only for completeness. 

Proposition 5.2 If biiY) = and s = then tiie operator 

V: L^^^ ^LP'^ (28) 
ias index -bo{X) + - . 

Proof By Proposition 15. II the dimension of the kernel of (|28)) is bi{X). From 
Proposition 12.21 (ii) with S = we see that the image of (|28() is the sum of 

d*L\''^ and d'^L^''^ . The codimensions of these spaces in U'''^ are bo{X) and 
6^ (X) , respectively. □ 



5.2 The case of a single moduli space 

Consider the situation of Subsection 11.31 Initially we do not assume Condi- 
tion (A). 

Proposition 5.3 Fix 1 < q < oo . Let a > be a small constant and 
k: X ^ M a smooth function such that K{t,y) = —at for all {t,y) G M-|_ x Y . 
Let Ao he a spin connection over X which is translationary invariant over the 
ends of X . For n = 1,2, . . . let Sn = {Aq + a„, he a smooth configuration 
over X which satisfies the monopole equations i|2fij) with fi = fin, P = Pn- 
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Suppose Qn G L'^'^ for every n, and sup„||$„||oo < oo. Then there exist 
smooth Un- X ^ [7(1) such that if k is any non-negative integer with 

sup(||/Un||c* + llPnjIIcO < (29) 

then the sequence Un{Sn) is bounded in LFj^^^ over compact subsets of X for 
every p' > 1. 

Before giving the proof we record the following two elementary lemmas: 

S T 

Lemma 5.1 Let E, F, G be Banach spaces, and E ^ F and E ^ G bounded 
Unear maps. Set 

S + T:E^F®G, x^{Sx,Tx). 

Suppose S has finite-dimensional kernel and closed range, and that S + T is 
injective. Then S -\-T has closed range, hence there is a constant C > such 
that 

\\x\\ < C{\\Sx\\ + llTxIl) 

for all X e E. 



Proof Exercise. □ 

Lemma 5.2 Let X be a smooth, connected manifold and xq ^ X . Let 
MapQ{X, [/(!)) denote the set of smooth maps u: X {7(1) such that u{xq) = 
1, and let V denote the set of all closed 1 -forms ^ on X such that [(f)] G 
H'^{X;Z). Then 

MapoiX, J7(l)) y, M h-> ^^u-^du 
is an isomorphism of Abelian groups. 

Proof U (f)eV define 



/•X 

'u(x) = exp(27ri / 0), 

J XO 



where (j) denotes the integral of (j) along any path from xq to x. Then 
^u~^du = (p. The details are left to the reader. □ 



Geometry & Topology, Volume 9 (2005) 



Monopoles over 4 -manifolds containing long necks, I 



45 



Proof of Proposition 15.31 We may assume X is connected and that H29|) 
holds at least for k = 0. Choose closed 3-forms wi, . . . , which are 

supported in the interior of X-q and represent a basis for H^{X). For any 
a G Q^{X) define the coordinates of Ja £ M''i(^) by 

(Ja)fc = / aALVk- 



X 

Then J induces an isomorphism H^{X) M^^^"'^), by Poincare duality. By 
Lemma f5.2l we can find smooth f„ : X — > U(l) such that J{an — v~^dvn) is 
bounded as n ^ oo. We can arrange that Vn{t,y) is independent of t > for 
every y gY . Then there are ^„ S L'^^''^ (X ; iW) such that bn = an — v~^dvn — d^n 
satisfies 

d*bn = 0; Rjbn = 0, j = 1, . . . , r - 1 

where Rj is as in (|27|) . If r > 1 this follows from Proposition 12. 4[ while if 
r = (ie if X is closed) it follows from Proposition 12.31 (By Stokes' theorem 
we have Rrbn = as well, but we don't need this.) Note that must be 
smooth, by elliptic regularity for the Laplacian d*d. Set Un = exp(^„)t>„. Then 
UniAo + On) = Ao + bn- By ProDosition 15.11 and Lemma I^H there is a Ci > 
such that 

(r-l 
\\{d* + d+)bu.^ + Y^\R,b\ + \\jb\\ 

for all b E Lf''^ . From inequality H16() and the curvature part of the Seiberg- 
Witten equations we find that sup„ ||(i^6„||oo < oo, hence 

Wbnhr ^ Cii\\d+bn\\L^.^ + WJbnW) < C2 

for some constant C2 ■ We can now complete the proof by bootstrapping over 
compact subsets of X , using alternately the Dirac and curvature parts of the 
Seiberg-Witten equation. □ 

Combining Proposition 15.31 (with A; > 1) and Proposition 13.11 we obtain, for 
fixed closed 2 -forms r]j on Yj : 

Corollary 5.1 If (A) holds then for every constant Cq < 00 there exists a 
constant Ci < 00 with the following significance. Suppose ||a*||c1) IIPjIIci ^ Co 
for each j. Then for any a = {ai, . . . , Ur) with aj £ T^Yj , Sind any [S] G 
M(X; a; /i; p) and ti, . . . ,tr G [0, Cq] one has 



<Ci 
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Note that if Xj'&{aj) > —Cq then this gives 

r 

Y,^i{m{t,}xY,)-^{a,))<Co + C^. (30) 
5.3 Condition (C) 

Consider the situation in Subsection ll.4l and suppose 7 is simply-connected and 
equipped with an orientation o. Throughout this subsection (and the next) 
(co)homology groups will have real coefficients, unless otherwise indicated. 

We associate to (7, o) a "height function" , namely the unique integer valued 
function h on the set of nodes of 7 whose minimum value is and which 
satisfies h{e') = h{e) + 1 whenever there is an oriented edge from e to e'. 

Let and Z^'^ denote the union of all subspaces Ze C where e has height 
k and > k, respectively. Set 

d-z^= \J d-Ze. 

h{e)=k 

For each node e of 7 choose a subspace Ge C Hi{Ze) such that 

Fl(Ze) = Ge e im {Hi{d-Ze) ^ Hi{Ze)) . 

Then the natural map Fg G* is an isomorphism, where G* is the dual of 
the vector space Ge . 

Lemma 5.3 The natural map H^{X'^) ©eG* is injective. Therefore, this 
map is an isomorphism if and only if S(X, 7, o) =0. 

Proof Let N be the maximum value of h and suppose z G H^{X'^) lies 
in the kernel of the map in the lemma. It is easy to show, by induction on 
k = 0,... ,N, that H^{X'^) H^{Z^) maps z to zero for each k. We now 
invoke the Mayer- Vietoris sequence for the pair of subspaces {Z'^~^,Z^^) of 
X*: 

H^{Z^-^) © H^{Z^^) A H^{d~Z^) ^ H^{Z^^'^) ^ H^{Z^-^) © H^{Z^^). 

Using the fact that 7 is simply-connected it is not hard to see that a is surjec- 
tive, hence b is injective. Arguing by induction on A; = A^, — 1, . . . , we then 
find that H^{X#) H^{Z^^) maps z to zero for each k. □ 
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We will now formulate a condition on (X, 7) which is stronger than (C) and 
perhaps simpler to verify. A connected, oriented graph is called a tree if it has 
a unique node (the root node) with no incoming edge, and any other node has 
a unique incoming edge. 

Proposition 5.4 Suppose there is an orientation o of ^ such that (7,0) is a 
tree and 

is surjective for all k. Then Condition (C) holds. 

Proof It suffices to verify that 7, o) = 0. Set 

= ker(ifi(Z['=) ^ H\d-Z'')), 
= keiiH^Z'') H\d-Z'')). 

The Mayer- Vietoris sequence for (^^,^[^=+1) yields an exact sequence 

^ ^ © h\z^''+^) ^ H\d-z^''+^). 

If H\Z^^) H\Z^) is surjective then so is F^^ F'^ , hence ker(F['^ 
F'^) fI'^+i is an isomorphism, in which case 

dim F^'' = dim F^''+^ + dim F''. 

Therefore, 

S(X,7,o) = dim H^(X*) - ^ dim F^ = dim H\X*) - dim F^^ = 0. □ 

k 

5.4 Neck-stretching II 

Consider again the situation in Subsection 11.41 The following set-up will be 
used in the next two lemmas. We assume that 7 is simply-connected and that 
o is an orientation of 7 with T,(X, 7, o) =0. Let 1 < p < 00. 

An end of X that corresponds to an edge of 7 is either incoming or outgoing 
depending on the orientation o. (These are the ends M+ x (±1^), but the sign 
here is unrelated to o.) All other ends (ie M-|- x 1 < i < '''') are called 
neutral. 

Choose subspaces Ge of Hi{Ze) ~ Hi{Xe) as in the previous subsection, and 
set ge = dim Gg. For each component Xg of X let {qek} be a collection of 
closed 3-forms on Xe supported in the interior of Z'^ = {Xe)-Q which represents 
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a basis for the image of Ge in H^{X(,) under the Poincare duality isomorphism. 
For any a G n^{Z'^) define J^a G M^- by 



{Jea)k = a Aqek 



For each e let R_|_ x Yf,^, m = 1, . . . , /ig be the outgoing ends of Xg. For any 
a G n^{Z'^) define Rea G R'^'^ by 

{Rea)m = / *a. 

Set Ue = ge + he and 

Lett = {Jea,Rea) G M"'^ 

For any a G let La G V = (Be^""" be the element with components 

Lea. 

For any tubular end M+ x P of X let t: M+ x P — > IR+ be the projection. 
Choose a small cr > and for each e a smooth function Ke '■ Xe M such that 

{at on incoming ends, 
—at on outgoing and neutral ends. 

Let X^'^^ CX he as in Subsection II .41 and let k = kt- XC^) ^ R be a smooth 
function such that kt — He is constant on Xe H X^'^'^ for each e. (Such a 
function exists because 7 is simply-connected.) This determines kt up to an 
additive constant. 

Fix a point Xg G and define a norm || • \\t on V by 

I^IIt = y^exp(KT(Xe))||t;e||, 

e 

where || • || is the Euclidean norm on R""" and {ve} the components of v. 
Let P denote the operator —d* + on X^'^^ . 

Lemma 5.4 There is a constant C such that for every r-tuple T with miuj Tj 
sufRciently large and every L^''^ 1-form a on we have 



< C{\\Va\\Lv,'^ + \\La\\T) 



Note that adding a constant to k rescales all norms in the above inequality by 
the same factor. 
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Proof Let r be a function on X which is equal to 2Tj on the ends x (iYj) 
for each j . Choose smooth functions /i, /2 : M ^ R such that + (/2(1 — 

t))'^ = 1 for all t, and fk{t) = 1 for t < ^, k = 1,2. For each e define 
p,: Xe^M by 

fiit/r) on outgoing ends, 
(^e = \ f2{t/T) on incoming ends, 
1 elsewhere. 

Let j3e denote the smooth function on X^-^^ which agrees with (3e on XeHX^^^ 
and is zero elsewhere. 

In the following, C, Ci, C2, . . . will be constants that are independent of T . Set 
T = miuj Tj . Assume T > 1 . 

Note that |V/?e| < CiT~^ everywhere, and similarly for f3e- Therefore 



for 1 -forms a on Xp. 



Let denote the operator — + on Xg. By Proposition 15 . II the Fredholm 
operator 

is injective, hence it has a bounded left inverse Pe , 

Pe{Ve®Le)=ld. 

If a is a 1-form on XC^) and V G y set 

f3e{a,v) = {(3ea,Ve). 
Here we regard PeO, as a 1-form on X^. Define 

e 

If we use the norm || • \\t on V then ||P|| < C3. Now 
P{V (BL)a = Y, PePeiPeVa, Lea) 

e 

= PePeiVePea + [;ae, P]a, Ljea) 
e 

= Y,iPePea + PePe{[Pe,V]a,0)) 

e 

= a + Ea, 
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where 
Therefore, 

\\P{V®L)-I\\ < Cif~\ 
so if T > C4 then z = P{T> © L) will be invertible, with 

ii.^i|i<(i-iiz-/iir^ 

In that case we can define a left inverse of P © L by 

Q = {P{V®L))-^P. 
If r > 2C4 say, then ||(5|| < 2C3, whence for any a S we have 

||a||^P.- = ||Q(Pa,La)||^P,« < C{\\Va\\Lv,>^ + \\La\\T). □ 

Lemma 5.5 Let e he a node of 'j and for n = 1, 2, . . . let T{n) he an r-tuple 
and ttn an L?'''" l--form on , where Kn = Krp[n) ■ SuppOSe 

(i) S(X,7,o)=0, 

(ii) minj Tj{n) -^00 as n — > cxd, 

(iii) There is a constant C < 00 such that 

(Xe') < K,n{Xe) + C 

for all nodes e' of 7 and all n, 

(iv) sup„ ||d+a„||oo < 00. 

Then there are smooth Un- X^'^^'^^^ U{1) such that the sequence bn = 
an — u~^dun is bounded in L\ over compact subsets of X^ , and bn G L^'''" and 
d*bn = for every n. 

Note that (iii) implies that e must be a source of (7, o) . 

Proof Without loss of generality we may assume that K,n{xe) = 1 for all n, 
in which case 

sup ||l||LP''^n < OO- 
n 

By Lemmas 15.21 and 15.31 we can find smooth Vn ■ U(l) such that 

sup II Je'(an - 'yn^^^^'n)|| < OO 
n 

for every node e' , where || • || is the Euclidean norm. (Compare the proof of 
Proposition 15.31 ) Moreover, we can take Vn translationary invariant over each 
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end of X^'^^^^K Proposition 12.41 then provides smooth ^„ E L^''^" {X ; iM.) such 
that 

bn = an- Vn^dVn - d^n G ^i'*^" 

satisfies 



d*bn = 0, / *bn = 

J{0}xYJ 

for j = 1, . . . , r' — 1 . Stokes' theorem shows that the integral vanishes for j = r' 
as well, and since 7 is simply-connected we obtain, for j = 1, . . . , r , 

/ *6„ = for \t\ < Tj{n). 

J{t}xYj 

In particular, Re'bn = for all nodes e' of 7. 

Set Un = f„exp(^„), so that bn = an — u~^dun- By Lemma we have 

ftnllLP'"" + exp(K„(Xe')) II Jg' II j 

< C ^||d+a„||LP,-n + exp(l + C) ^ || Je'( 



an - V„^dVn) 



which is bounded as n — > 00. 



Proposition 5.5 Suppose 7 is simply-connected and that Condition (C) holds 
for (X,7). For n = 1,2,... let E M(X™); a^; p„; p^) , where 

m.mjTj{n) 00. Then there exist smooth maps Wn- X U(l) such that 
if k is any positive integer with 

SUp(||/in||cfe + l|Pj,n|lc"= + l|Pj-',nllcfe) < ^ 

then the sequence tD„(S'„) is bounded in L^_^_i over compact subsets of X for 
every p' > 1. 



Proof Consider the set-up in the beginning of this subsection where now p > 4 
is the exponent used in defining configuration spaces, and o is an orientation 
of 7 for which (C) is fulfilled. By passing to a subsequence we can arrange 
that Kn{xe) — Kn{X(,') Converges to a point i{e,e') E [—00,00] for each pair of 
nodes e,e' of 7. Define an equivalence relation ~ on the set M of nodes of 7 
by declaring that e ~ e' if and only if £{e, e') is finite. Then we have a linear 
ordering on M/ ~ such that [e] > [e'] if and only if £{e,e') > —00. Here [e] 
denotes the equivalence class of e. 
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Choose e such that [e] is the maximum with respect to this hnear ordering. 
Let Sn = + Then all the hypotheses of Lemma 15.51 are satisfied. 

If Un is as in that lemma then, as in the proof of Proposition 15.31 Un{Sn) = 
{Ao + bn,Un^n) will be bounded in L-^_^_i over compact subsets of for every 
p'>l. 

For any r-tuple T let W^'^^ be the result of gluing ends of X\X(. according to 
the graph 7\e and (the relevant part of) the vector T . To simplify notation let 
us assume that the outgoing ends of X^, are M+ x {—Yj), j = 1, . . . , ri . Then 
M+ X Yj is an end of T^^^") for j = 1, . . . , ri . Let 6^ be the 1-form on 
which away from the ends M+ ^ ; 1 ^ J ^ '"i agrees with bn , and on each of 
these ends is defined by cutting off 6„ : 



bn{t,y) 



h {t -2Tj{n) + l)-bn{t,y), 0<t< 2Tj (n) 
0, t > 2Tj{n). 



Here /i is as in the proof of Lemma |5.4I Then sup„ ||d^6^||oo < oo. After 
choosing an orientation of 7\e for which (C) holds we can apply Lemma 15.51 to 
each component of 7 \ e , with b'^ in place of . Repeating this process proves 
the proposition. □ 

Corollary 5.2 If (B2) holds then for every constant Cq < 00 there ex- 
ists a constant Ci < 00 such that for any element [S] of a moduli space 
; a'; /i; p; p') where minjTj > Ci and fi,pj,p'j all have C^-norm < Cq 

one has 



j=l j=l 



<Ci. 



The next proposition, which is essentially a corollary of Proposition l5.51 exploits 
the fact that Condition (C) is preserved under certain natural extensions of 

Proposition 5.6 Suppose 7 is simply-connected and (C) holds for (X, 7). 
Then for every constant Cq < 00 there is a constant Ci < 00 such that if 
S = {A, <I>) represents an element of a moduli space ;a';//;p;p') where 

minjTj > Ci and ij.,pj,p'j all have L°° norm < Cq then 

l|V^?5||L2((t-i,t+i)xy,) < Ci for \t\ < Tj - 1, 
l|Vi?5||L2((t-i,t+i)xy;) < Ci for t > 1. 
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Proof Given an edge f of 7 corresponding to a pair of ends M-|_ x (iYj) of 
X, we can form a new pair (X(j),7(j)) where X^^) = X]J(]R x 1^), and 7(j) 
is obtained from 7 by spUtting v into two edges with a common end-point 
representing the component M x Yj of X^j-j . 

Similarly, if e is a node of 7 and R-|_ x Yj an end of then we can form a 
new pair (X(J),7(J)) where = XU(R x Y^), and 7(-') is obtained from 7 
by adding one node e'j representing the component M-|_ x Yj of X^-'^ and one 
edge joining e and e'j . 

One easily shows, by induction on the number of nodes of 7, that if (C) holds for 
(X, 7) then (C) also holds for each of the new pairs (XQ),7(j)) and (X(-^),7('')). 
Given this observation, the proposition is a simple consequence of Proposi- 
tion 15.51 □ 

6 Exponential decay 

In this section we will prove exponential decay results for genuine monopoles 
over half-cylinders M-|- x Y and long bands [— T, T] xY . The overall scheme of 
proof will be the same as that for instantons in |10j . and Subsections 16.11 and 
16.31 follow *10' quite closely. On the other hand, the proof of the main result of 
Subsection 16.21 Proposition 16.11 is special to monopoles (and is new, as far as 
we know). 

Throughout this section Y will be a closed, connected Riemannian spin*^ 3- 
manifold, and r] S O.'^iY) closed. We will study exponential decay towards 
a non-degenerate critical point a of = "i?,,. We make no non-degeneracy 
assumptions on any other (gauge equivalence classes of) critical points, and 
we do not assume that (01) holds, except implicitly in Proposition 16.31 All 
monopoles will be genuine (ie p = 0). 

Previously, Nicolaescu [20] has proved a slightly weaker exponential decay result 
in the case rj = 0, using different techniques. Other results (with less complete 
proofs) were obtained in j2Sj and |26j . 

6.1 A differential inequality 

We begin by presenting an argument from jlOj in a more abstract setting, so 
that it applies equally well to the Chern-Simons and the Chern-Simons-Dirac 
functionals. 
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Let E he a. real Banach space with norm || • || and E' a real Hilbert space 
with inner product (•, •). Let E ^ E' be an injective, bounded operator with 
dense image. We will identify E as a vector space with its image in E' . Set 
|x| = (xjx)^/"^ for X G E' . 

Let U G E he an open set containing and 

f: U^R, g: U^E' 

smooth maps satisfying /(O) = 0, g{0) = 0, and 

Df{x)y = {g{x),y) 

for all X G y G Here Df{x) : £^ — > M is the derivative of / at x. Suppose 
H = Dg{0): S — > £" is an isomorphism (of topological vector spaces). Note 
that H can be thought of as a symmetric operator in E' . Suppose E contains 
a countable set {ej} of eigenvectors for H which forms an orthonormal basis 
for E' . Suppose a, A are real numbers satisfying < A < fi and such that H 
has no positive eigenvalue less than a. 

Lemma 6.1 In the above situation there is a constant C > such that for 
every x & U with \\x\\ < one has 



Proof It clearly suffices to establish the first inequality for some C . By Tay- 
lor's formula 8.14.3] there is a Ci > such that for all x G f7 with ||x|| < C^^ 
one has 



By assumption, there is a C2 > such that 

||x|| < C2\Hx\ 

for all X & E. Putting the above inequalities together we get, for r = ||a;|| < 



2af{x)<\g{x)\^ + C\g{x)f 
2\f{x) < \g{x)\\ 



Let Hcj = A 



\f{x)--{Hx,x)\<Ci\\x 
\g{x) — Hx\ < Ci \\x 
vjBj, and set Xj = {x,ej)ej. Then 




C 



r-l 
1 ' 



Hx\ < \g{x)\+Cir^ 

< \g{x)\+rCiC2\Hx 
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If r < (CiC2)"-^ this gives 

\Hx\ < {I - rCiC2)-^\g{x)l 

hence 

2af{x) < a{Hx,x) + 2aCir^ 

< \Hx\^ + 2(TrCiCl\Hx\^ 
l + 2arC,Cl 

- {l-rCiC2r^^ 

< {1 + CsrMx)\^ 

<\9(.x)\^+C4\g{x)f 
for some constants C^jC^. □ 

We will now apply this to the Chern-Simons-Dirac functional. Let a = 
{Bq, ^'o) be a non-degenerate critical point of Set Ka = ker(2'*) C r(iA^©§) 
and Ha = Ha\Ka '■ Ka- Note that any eigenvalue of Ha is also an eigen- 

value of the self-adjoint elliptic operator 

I* 

Ha 

over Y acting on sections of iA^ © iA^ © S. Let be positive real numbers 
such that Ha has no eigenvalue in the interval [— A~,A'^]. 

In the following lemma, Sobolev norms of sections of the spinor bundle Sy over 
Y will be taken with respect to Bq and some fixed connection in the tangent 
bundle TY . This means that the same constant e will work if a is replaced 
with some monopole gauge equivalent to a. 

Lemma 6.2 In the above situation there exists an e > such that if S is any 
smooth monopole over the band (—1, 1) xY satisfying \\So — a\\L2(Y) ^ e then 

±2X^mSo)-^a)) < -dtlo'diSt). 

Proof Choose a smooth u: (—1, 1) xY ^ U(l) such that u{S) is in temporal 
gauge. Then 

dt^iSt) = dt^iutiSt)) = -\mutiSt))\\i = -\mst)\\i 

If e > is sufficiently small then by the local slice theorem we can find a smooth 
v: Y ^ U(l) which is close to 1 and such that X*(u(5o) — a) = 0. We now 
apply Lemma 16.11 with E the kernel of T* in Lf , E' the kernel of I* in , 
and f{x) = ±{'d{a + x) — '&{a)). The assumption that a be non-degenerate 
means that H = Ha ■ E ^ E' is an isomorphism, so the lemma follows. □ 
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6.2 Estimates over [0, T] x Y 

Let a be a non-degenerate critical point of "d and a = {B, ^) the monopole 
over R X y that a defines. Throughout this subsection, the same convention 
for Sobolev norms of sections of Sy will apply as in Lemma l(i.2[ For Sobolev 
norms of sections of the spinor bundles over (open subsets of) R x y we will 
use the connection B. 

Throughout this subsection S = {A, will be a monopole over a band B = 
[0, r] X y where T > 1. Set s = {a, (p) = S — a and 

u'' = \\Vi}s\\h^B)=nSo)-i){ST). 

The main result of this subsection is ProDosition l6.11 which asserts in particular 
that if 5 is sufficiently small then S is gauge equivalent to a configuration S 
which is in Coulomb gauge with respect to a and satisfies US — a||2,2(B) < 
const • v . 

We will assume 5 < 1. Let a' denote the contraction of a with the vector field 
c^i = ^ • Quantities referred to as constants or denoted "const" may depend 
on Y,rj, [a],T but not on S. Note that 

u < const • (||s||i,2 + ||'S||i2) ^ const, (32) 

the last inequality because 6 < 1. 

For real numbers t set 

it: Y ^RxY, y^{t,y). 

If CO is any differential form over B set uJt = it^, < t < T . Similar notation 
will be used for connections and spinors over B. 

Lemma 6.3 There is a constant Co > such that 

\\di(l)\\2<Co{iy+\\a'y). 



Proof We have 

5i</. = ai$ = Vf<P - a'$, 

where Vf- is the covariant derivative with respect to A in the direction of the 
vector field di = Now | V^<I>| depends only on the gauge equivalence class of 
S = {A, ^>) , and if A is in temporal gauge (ie if a' = 0) then {Vi^)t = dAt^t- 
The lemma now follows because 5 < 1. □ 
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Lemma 6.4 There is a constant Ci > such that if 6 is sufRciently small 
then the following hold: 

(i) ||</'||i,2<Ci(||T*.||2 + ||a'||i,2 + z^), 

(ii) There is a smooth f : B ^ such that s = {d,4>) = exp(/)(S') — a 
satisfies 

pi||i,2 < Ci||Vi?5j|2, o<t<r, 

(iii) \\da\\2<Ciu, 

where in (i) and (iii) all norms are taken over B . 

Proof The proof will use an elliptic inequality over Y , the local slice theorem 
for Y , and the gradient flow description of the Seiberg-Witten equations over 
RxY. 

(i) Since a is non-degenerate we have 

||2:||i,2 < const • ||(T* + Ha)z\\2 
for sections z of (iA©§)y. Recall that 

V-da+z = HaZ + Z (Si Z 

where z0z represents a pointwise quadratic function of z. Furthermore, 

-2^112 ^ const • ||z||i2- If lkl|i,2 is sufficiently small then we can rearrange to get 

||^||i,2 < const • {\\I*^Z\\2 + WV^a+zh)- (33) 

By the Sobolev embedding theorem we have 

||si|lL2(y) < const • ||s||i2(B), t E [0,r], 

for some constant independent of t , so we can apply inequality H33() with z = st 
when 6 is sufficiently small. Because 

we then obtain 

T 

||st|li2(y)dt < const • (|Ks||^2(B) + l|5ia'||i2(B) + i^^)- 
This together with Lemma 16.31 establishes (i). 

(ii) Choose a base-point yo £Y . By the local slice theorem there is a constant 
C such that if 5 is sufficiently small then for each t G [0, T] there is a unique 
smooth ff: y — > iM such that 
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• \\fth2<C6, 

• /t(yo) = if a is reducible, 

• Sf = exp{ft){St) — a satisfies I^^t = 0. 

It is not hard to see that the function /: B ^ zR given by f{t,y) = ft{y) is 
smooth. Moreover, ||sf||i,2 ^ const • ||sj||i^2- Part (ii) then follows by taking 
z = St in 

(iii) Choose a smooth n: B — > U(l) such that u{S) is in temporal gauge, and 
set (a, (j)) = u{S) — a. Then 

da = da = dt/\ dia + dya = —dt A Vi'dst + dYdt, 

where Vit? is the first component of Vi?. This yields the desired estimate on 
da. □ 

Lemma 6.5 Let {ui, . . . ,f;,j(y)} he a family of closed 2-forms on Y which 
represents a basis for H'^ Then there is a constant C such that 



iLf(B) <cl\\{d* + d)6|U.(B) + \\{*b)\dB\\Ll^,^i8B) +Y. 



dt A ■K*Vj A h 



(34) 

for all L\ 1 -forms 6 on B , where n: B — > K is the projection. 
Proof Let K denote the kernel of the operator 

n^^n^enlen^^, {d*b,db,*b\oB). 

Then we have an isomorphism 

p: K % H^{Y-W), 

For on the one hand, an application of Stokes' theorem shows that p is injective. 
On the other hand, any c S H^{Y:,M) can be represented by an harmonic 1- 
form and 7r*w lies in K , hence p is surjective. 

It follows that every element of K is of the form t:*{ijo). Now apply Proposi- 
tion ^3 and Lemma l5. II □ 

Lemma 6.6 There is a smooth map /: B ^ iM, unique up to an additive 
constant, such that d = a — df satisfies 

d*d = 0, {*d)\dB = 0. 
Given any such f , if we set s = (a, (p) = exp(/)(S') — a then 

\\a\\Ll{B) < C2iy, \\s\\q{B) < 
for some constant C2 > 0. 
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Proof The first sentence of the lemma is just the solution to the Neumann 
problem. If we fix S B then there is a unique / as in the lemma such that 
/(xo) = 0, and we have ||/||3,2 < const • ||a||2,2- Writing 

<A = exp(/> = (exp(/) - l)cD + <^ 

and recalling that, for functions on B, multiplication is a continuous map Lg x 
LlfoT 0<k< 3, we get 

m2,2 < C\\ exp(/) - 1||3,2||^||2,2 + M2,2 
<C"||/||3,2exp(C"||/||3,2) + 110112,2 
<^^'"I|S||2,2 

for some constants C, . . . , C" , since we assume 5 <1. There is clearly a similar 
L| bound on d, so this establishes the L| bound on s. 

We now turn to the L\ bound on d. Let d be as in Lemma 16.41 Since d — d is 
exact we have 



j V Aat 




j V Adt 


< const • f 2 df 2 











for any closed v S fly ■ Now take 6 = d in Lemma 16.51 and use Lemma 16.41 
remembering that da = da. □ 

Definition 6.1 For any smooth h: Y ^ iR define h,P{h): B — > iM by 
HiiV) = h{y) and 

P{h) = Ah + i{i'$,ex.p{h)^), 

where A = d*d is the Laplacian over R x y. Let Pt{h) be the restriction of 
P{h) to {t} X Y. 

Note that 

22(exp(/i)(5) - a) = -d*a + P{h). 

Lemma 6.7 If a is irreducible then the foUowing hold: 

(i) There is a C3 > such that if 6 is sufRciently small then there exists a 
unique smooth h: Y ^ iM. satisfying ||/i||3,2 < C^d and Po{h) = 0. 

(ii) If h: Y ^ iR is any smooth function satisfying Po{h) =0 then 

II-PWIIl2(b) < const ■ iy + ||a'||i3(B)). 
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Proof (i) We will apply Proposition IB.ll (ie the inverse function theorem) to 
the smooth map 

Pq-.lI^lI, AYh + i{i^o,exp{h)^Q). 

The first two derivatives of this map are 

DPo{h)k = Ayk + A;(^'o,exp(/i)$o), 
D'^Po{h){k,i) = fA;£(f^'o,exp(/i)$o)- 
The assumption 5 < 1 gives 

\\D^Po{h)\\ < const -(l + llV/ills). 
Set L = DPo{0). Then 

{L-AY-\^o\^)k = k{^oAo), 

hence 

\\L - Ay - l^'oPlI < const • 5. 

Thus if 6 is sufficiently small then L is invertible and 

||L-i|| < ||(Ay + |M'o|')-1 + l. 

Furthermore, we have Po(0) = «(i^'o,0o)) so 

1 1 ^'o (0)1 1 1,2 < const -5. 

By Proposition lB.ll fil there exists a constant C > such that if 6 is sufficiently 
small then there is a unique h ^ L'^ such that ||/i||3,2 ^ C and Po{h) = (which 
implies that h is smooth). Proposition IB.ll fii) then yields 

la 2 < const • ||Po(0)||i 2 < const • 5. 



(ii) Setting Q = P{h) we have, for < t < T, 

/ \Q{t,y)\^dy= [ I diQ{s,y)ds < const • / \diQ\\ 
Jy Jy Jo Jb 

Now, diQ = i{i"^,exp{h)di^) , hence 

llc^iQIb < const • ||9i<l>||2 < const • {u + Ha'Hs) 
by Lemma 16.31 □ 

Proposition 6.1 There is a constant C4 such that if 5 is sufRciently small 
then there exists a smooth f : B — > iM such that s = (a, </>) = exp(/)(S') — a 
satisfies 

I^s = 0, (*5)|aB = 0, ||s|L2(B) < C^iy, \\s\\q(^B) < ^4-5, 
where S, v are as in pi]) . 
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This is analogous to Uhlenbeck's theorem |321 Theorem 1.3] (with p=2), except 
that we assume a bound on 6 rather than on z^. 

Proof To simphfy notation we will write I = Za in this proof. 

Case 1: a reducible In that case the operator I* is given by Z*{b,'ilj) = 
—d*b. Let / be the / provided by Lemma 16.61 Then apply Lemma 16.41 (ii). 
taking the S of that lemma to be the present exp(/)(5). 

Case 2: a irreducible Let /, S etc be as in Lemma l6?6l Choose h: Y —>■ iM. 
such that the conclusions of Lemma 16.71 (i) holds with the S of that lemma 
taken to be the present 5. Set S = {A, <I>) = exp(/i)(5) and s = (d, (p) = S — a. 
By Lemmas 16.71 and 16.41 (ii) we have 

||2'*s||2 < const • u, \\s\\2,2 < const • 6, ||i;^||i,2 < const • v. 

Since —d*d = I*s — iii^ , <j}) we also get 

||ci*d||2 < const • v. 

Applying Lemma 16.51 as in the proof of Lemma 16.61 we see that 

||d||i,2 < const • V. 

It now only remains to make a small perturbation to S so as to fulfil the 
Coulomb gauge condition. To this end we invoke the local slice theorem for B . 
This says that there is a C > such that if 5 is sufficiently small then there 
exists a unique smooth / : B ^ such that setting s" = (a, 0) = exp(/)(S') — a 
one has 

\\fh,2<C5, rs = 0, *S|eB = 0. 

We will now estimate first ||/||2,2i then ||s||i^2 in terms of v. First note that 
*o|aB = *a|aB = 0, and 

a = d- df, = exp(/)<I> - 

by definition. Write the imaginary part of exp(/) as / + /'^u. Then / satisfies 
the equations {dtf)\dB = and 

= -d*a + i{i'^,(t>)R 

= A/ - d*d + exp{f){<f> + ^))k 

= A/ + - d*d + exp(/),^ + fu^h. 

By the Sobolev embedding theorem we have 

ll/lloo < const • ||/||3,2 < const • 5, 
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and we assume 5 < 1, so ||n||oo < const. Therefore, 

||/||2,2< const -IIAZ + IM^P/Ib 
<i^ + const • ||/^||2 
< + const - II/III2, 

cf Subsection 12.51 for the first inequahty. If 6 is sufficiently small then we can 
rearrange to get ||/||2,2 < const • u. Consequently, ||a||i^2 < const • v. To 
estimate ||(;/>||i,2 we write 

^ = g^ + exp(/)(^, 
where g = exp(/) — 1. Then \dg\ = \df\ and \g\ < const • |/| . Now 
II0II2 < const • II/II2 + ||(^||2 < const • z/, 
||V^||2 < const • (||5||i,2 + \\df ® 4>h + IIV0II2) 

< const •(l/+||4f||4||<^||4) 

< const •(l/+||/||2,2||<^||l,2) 

< const • {u + u'^) 

< const • ly 

by ((SH). Therefore, ||0||i,2 < const • ly. Thus, the proposition holds with 

f = f + h + f. □ 

Proposition 6.2 Let k be a positive integer and V ^ int(B) an open subset. 
Then there are constants e^, C^y , where is independent of V , such that if 

Ks = 0, P||l2(b) < efc 

then 

\\s\\lI{V) ^ C'fe,vll'S||i2(B). 

Proof The argument in jllj pages 62-63] carries over, if one replaces the op- 
erator d* + d'^ with T* where DQ^ is the linearization of the monopole 
map at a. Note that X* + DQ^ is injective over x Y because a is non- 
degenerate, so if 7: B ^ M is a smooth function supported in int(B) then 

||7s|U,2<C^||(X: + DG^)(7s)|U_i,2 
for some constant C',. □ 
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6.3 Decay of monopoles 

The two theorems in this subsection are analogues of Propositions 4.3 and 4.4 
in ^0], respectively. 

Let /3 be a non-degenerate monopole over Y , and U C By an -closed subset 
which contains no monopoles except perhaps [/3] . Choose > such that Hp 
has no eigenvalue in the interval [— A~, A"*"] , and set A = min(A^, A^) . Define 

Bt = [t-l,t + l]xY. 

Theorem 6.1 For any C > there are constants e,Co,Ci,... such that 
the foUowing holds. Let S = {A, $) be any monopole in temporal gauge over 
(-2,oo) X Y such that [St] G U for some t>0. Set 

^ = I|Vi?5||l2({-2,oo)xY), '^(t) = I|Vi?5||l2(bo- 

If 1 1*1* I loo ^ C and v < e then there is a smooth monopole a over Y , gauge 
equivalent to P , such that if B is the connection part of a then for every t>l 
and non-negative integer k one has 

sup |V|(5 - a)|(j,y) < CfcTKoye"^^*. (35) 

Proof It follows from the local slice theorem that By By is a (topological) 
principal H^{Y] Z) -bundle. Choose a small open neighbourhood V of [f3] G By 
which is the image of a convex set in Cy . We define a continuous function 
/: y ^ M by 

where a: V ^ By is any continuous cross-section. It is clear that / is inde- 
pendent of a. 

Given C > 0, let S* = {A,^) be any monopole over (— 2, oo) x Y such that 
ll^^'lloo < C and [St] £ U for some t > 0. If 5 > 0, and k is any non- 
negative integer, then provided z/ is sufficiently small, our local compactness 
results fLemmas 14.21 and 14. 1|) imply that for every i > we can find a smooth 
n: Bo — > U(l) such that 

lk(5|Bj -^llcfe(Bo) < 

In particular, if iy is sufficiently small then 

/:M+^M, t^f{[St]) 
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is a well-defined smooth function. Since f{t) — "diSt) is locally constant, and 
f{t) ^ as t ^ oo, we have 

fit) = ^{St) - L, 

where L = limt^oo ^(S't) • If P is sufficiently small then Lemma 16.21 gives 
2A+/ < -/', hence 

< fit) < e-2A+t/(o), t > 0. 

This yields 

zy(t)2 = fit - 1) - fit + 1) < const • e-^^^^fiO), t > 1. 
If P is sufficiently small then by Propositions 16. ll and 16.21 we have 

fit) < const • uit), sup \V\iV^s)\it.y) < Cf^uit) (36) 

y&Y 

for every t > and non- negative integer k, where is some constant. Here 
we are using the simple fact that if E, E' are Banach spaces, W d E an open 
neighbourhood of 0, and h: W ^ E' a differentiable map with /i(0) = then 
< (ll-^^^(O)ll + 1)11^11 some neighbourhood of 0. For instance, to 
deduce the second inequality in we can apply this to the map 

h: Ll^j+^ s = ia, 4>) ^ V|,+„(Vi?^+,) 

where j > 3, say, and B' is the connection part of /3. 

Putting the inequalities above together we get 

sup \V'xiVi)s)kt,y) < C'^V^e-^"-', t > 1 

for some constants C^'. If S is in temporal gauge we deduce, by taking k = 0, 
that Sf converges uniformly to some continuous configuration a . One can now 
prove by induction on k that a is of class and that H35() holds. □ 

Theorem 6.2 For any C > there are constants e, Co, Ci, . . . such that the 
foUowing holds for every T > 1 . Let S = (A, <I>) be any smooth monopole in 
temporal gauge over the band [—T — 2,r + 2] x y, and suppose [St] G U for 
some t G [-T, T] . Set 

^ = l|V'l?5||L2{(-T-2,T+2)xy), J^it) = l|Vl95||L2(Bt)- 

If ll^lloo ^ C and i> < e then there is a smooth monopole a over Y , gauge 
equivalent to (3, such that if B is the connection part of a then for \t\ < T — 1 
and every non-negative integer k one has 

sup|V|,(5-a)|(i,,) < Cfe(^.(-r) +z.(r))^/2^-^(T-|t|)_ 
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Proof Given C > 0, let S = {A, $) be any monopole over [-T -2,T + 2]xY 
such that ll^lloo < C and [5^] G U for some t G [—T,T]. If i) is sufficiently 
small then we can define the function f{t) for |t| < T as in the proof of 
Theorem 16.11 and (|36|) will hold with f(t) replaced by |/(i)|, for \t\ < T. 
Again, f(t) = 'd{St) — L for some constant L. Lemma l6. 21 now gives 

e-2^-(^-*)/(r) < fit) < e-2^+(^+*)/(-r), \t\ < T, 

which implies 

|/(t)|<(|/(-T)| + |/(r)|)e-2^(^-l*l), \t\<T, 

uitf < const • (i/(-r) + zy(r))e-2^(^-l*l), |t| < T - 1. 

By Propositions 16.11 and 16.21 there is a critical point a gauge equivalent to /? 
such that 

||V|(5o-a)|koo(y)<CrKO) 
for some constants C^" . It is now easy to complete the proof by induction on 



6.4 Global convergence 

The main result of this subsection is Proposition 16.31 which relates local and 
global convergence of monopoles over a half-cylinder. First some lemmas. 

Lemma 6.8 Let Z he a compact Riemannian n-manifold (perhaps with 
boundary), m a non-negative integer, and q > n/2. Then there is a real 
polynomial Pm,q{x) of degree m + 1 satisfying Pm,q{0) = 0, such that for any 
smooth u: Z ^ U{1) one has 

\\du\\m,q < Pm,q{\\u~^du\\m,q)- 

Proof Argue by induction on m and use the Sobolev embedding Ll.{Z) C 
Lfi^{Z) for > 1, r > n/2. □ 

Lemma 6.9 Let Z bea compact, connected Riemannian n-manifold (perhaps 
with boundary), z £ Z , ma positive integer, and q > 1. Then there is a C > 
such that for any smooth f : Z ^ C one has 



(i) \\f-U\\m,q<C\\df\U.l,g, 

(ii) ||/IU,,<c(||4flU-i,, + 1/(^)1), 

where f^v = Vol{Z)^^ f is the average of f . 
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Proof Exercise. □ 

Lemma 6.10 Let Z be a compact Riemannian n-manifold (perhaps with 
boundary), m a positive integer, and q a real number such that mq > n. Let 
$ be a smooth section of some Hermitian vector bundle E ^ Z , <I> ^ 0. Then 
there exists a C > with the following significance. Let (pi be a smooth section 
of E satisfying \\(j)i\\q < and w: Z ^ C a smooth map. Define another 
section 02 by 

w{^ + (l)l) = ^ + (1)2. 

Then 

Ww - M\m,q < C{\\dw\\m-l,q + \\(p2 " (pl\\q)- 

Proof The equation 

(W - 1)$ = (t)2 - (t>l - {W - 1)4>1 

gives 

\\U! - l\\m,q < const • {\\dw\\m-l,q + \\{w - l)^\\q) 

< const • {\\dw\\m-l,q + \\(j)2 " + {{w - 1 ||m,g || 01 1| g) • 

Here the first inequahty is analogous to Lemma 16.91 (ii). If ||0i||g is sufficiently 
small then we can rearrange to get the desired estimate on \\w — l||m,g- □ 

Now let a be a non-degenerate critical point of "Q . Note that if S = is 
any finite energy monopole in temporal gauge over x Y such that 1 1 ^* 1 1 cxd < cxd 
and 

liminf / IS" — a|^ = 

for some r > 1 then by the results of Section |1] we have \St\ [a] in By , hence 
S — a decays exponentially by Theorem 16.11 In this situation we will simply 
say that S is asymptotic to a. 

(Here we used the fact that for any p > 2 and 1 < r < 2p, say, the L'^ metric 
on the L^ configuration space ^([0, 1] x Y) is well-defined.) 

Lemma 6.11 If S = {A, <I>) is any smooth monopole over M+ x Y such that 
||<I>||oo < oo and S — aG L^ for some p > 2 then there exists a nuU-homotopic 
smooth u : M+ xY ^ such that u{S) is in temporal gauge and asymptotic 
to a. 
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Proof By Theorem 16.11 there exists a smooth u: xY^ U(l) such that 
u{S) is in temporal gauge and asymptotic to a. Lemma 16.81 Lemma 16.91 (i). 
and the assumption S — a€ then gives 

ll"" - ''iav||L°°([t,t+i]xy) ^ as t ^ oo, 
hence u is null-homotopic. □ 

It follows that all elements of the moduli spaces defined in Subsection 13.41 have 
smooth representatives that are in temporal gauge over the ends. 

Proposition 6.3 Let 5 > and suppose i}: By — > K has no critical value 
in the half-open interval {■d{a),-d{a) + 6] (this implies Condition (01)). For 
n = 1, 2, . . . let Sn = (An, $n) be a smooth monopole over R-|_ x Y such that 

Sn-a^Ll, sup||«>„||oo < oo, ??(5„(0)) < i?(a) + (5, 

n 

for some p > 2. Let Vn- K+ x y ^ U{1) be a smooth map such that the 
sequence Vn{Sn) converges in C°° over compact subsets of M-i- x y to a con- 
figuration S in temporal gauge. Then the following hold: 

(i) S is asymptotic to a critical point a' gauge equivalent to a, 

(ii) If a = a' then Vn is null-homotopic for all sufRciently large n , and there 
exist smooth Un ■ IR+ x Y ^ U(l) with the following signihcance: For 
every t > one has u„ = 1 on [0, t] x y for all sufEciently large n. 
Moreover, for any a < , q > 1 and non-negative integer m one has 

\\unVn{Sn) — 5*11^9,^ — > as n ^ OO . 
Here A"*" is as in Subsection 16.11 

Proof It clearly suffices to prove the proposition when q > 2 and mq > 4, 
which we assume from now on. 

By Lemma 14.51 we have 

[ |Vi95j'=^(5n(0))-^(a)<5 (37) 

JR+XY 

for each n, hence /jg^xy l^^-^l^ — ^- ^^^^ (i) proposition is now a 

consequence of Theorem 16.11 and the following 

Claim 6.1 [S{t)] converges in By to [a] as t ^ oo. 
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Proof of claim For r > let Br C By denote the open r-ball around [a] in 
the metric, and let Bj. be the corresponding closed ball. Choose r > such 
that i?2r contains no monopole other than [a] . Assuming the claim does not 
hold then by Lemma llTl one can find a sequence t'j such that t'j ^ oo as j ^ oo 
and [^(t^)] i?2r for each j. Because of the convergence of Vn{Sn) it follows 
by a continuity argument that there are sequences rij , tj with tj ,nj — > oo as 
j — > oo , such that 

[Srijitj)] G i?2r \ Br 

for all j . For sGM let 7^: Mxy^Mxybe translation by s : 

%{t,y) = {t + s,y). 

Again by Lemma ETTl there are smooth loj : x Y ^ U(l) such that a sub- 
sequence of {%.)*{ijjj{Snj)) converges in C°° over compact subsets of M x y 
to some finite energy monopole S' whose spinor field is pointwise bounded. 
Moreover, it is clear that 'd o u)j{Q) — 'Q ^ M. must be bounded as j — > oo, so 
by passing to a subsequence and replacing ujj by ^j^J^^ for some fixed jo we 
may arrange that {) o ujj{0) = i? for all n. Then i = limi^_oo must be 

a critical value of Since 

[S'{0)]£B2r\Br, 

S'{0) is not a critical point, whence dt\o'&{S'{t)) < 0. Therefore, 

^{a) + 6> £ > ^S'{0)) > i9(a), 
contradicting our assumptions. This proves the claim. □ 

We will now prove Part (ii). For r > let 

B- = [0, r] X y, B+ = [r, oo) x Y, Or = [r, r + 1] x y. 

By Lemma l6 . 1 1 1 there is, for every n, a null-homotopic, smooth Vn'. M+ xY ^ 
U(l) such that Sl[ = Vn{Sn) is in temporal gauge and asymptotic to a. 

Note that 

lim limsup'i?(S'„(t)) = i&{a). 

t ^oo ri — ^oo 

For otherwise we could find an e > and for every natural number j a pair 
tj , rij > j such that 

and we could then argue as in the proof of Claim l6T] to produce a critical value 
of ?? in the interval (a, a + (^] . Since jV-i^g^l = iV'i?^^'^'! it follows from (|57|) and 
Theorem 16. II that there exists a ti > such that if t > ti then 

lim sup 1 1 5^ — ^\\l1''^(b+) — const • e*-'^"'*'^-''^ 
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where the constant is independent of r. Then we also have 
hmsup \\S" — S\\j^q,<y,Q+-. < const • e^'^"'^"''^'^ 

n— >oo ^ 

Set S!^ = Vn{Sn) and Wn = VnV~^ . Then we get 

n — *cxD 

which gives 



limsup \\S'^- S'jLlAOr) ^ const • e 



hmsup \\dwn\\Ll,{Or) ^ co'^st • e '^"^^ 

n— >oo 

by Lemma 16.81 In particular, Wn is null-homotopic for all sufficiently large n. 



Fix yQ & Y and set = (r, ?/o). Choose a sequence r„ such that r„ — > oo as 
n ^ oo and 

lie' CI, 



I S„ S\\ r 1," ( D— \ ^ 0, 



(38) 



as n — > oo. If a is reducible then by multiplying each Vn by a constant and 
redefining Wn , S" accordingly we may arrange that Wn (xt^ ) = 1 for all n . 
(If a is irreducible we keep Vn as before.) Then (jHH|) still holds. Applying 
Lemma l6 . 81 together with Lemma 16.91 (ii) (if a is reducible) or Lemma 16.101 fif 
a is irreducible) we see that 

as n ^ DO . 

Let (3: M — > M be a smooth function such that /3{t) = for t < ^ and /3(t) = 1 
for t > |. Set Prit) = l3{t — r). Given any function w: Or ^ C \ (— oo,0] 
define 

l{w,T = exp(/?^log?i;) 

where log(exp(z)) = z for complex numbers z with |Im(2;)| < vr. Let m' be 
any integer such that m'q > 4. If — l||m',g is sufficiently small then 

\\^w,T - l|U',g < const • \\w - l\\m',q, 
\\w^ dw\\m'-l,q < const • \\w — l||m',g- 

To see this recall that for functions on M^, multiplication defines a continuous 
map L^, X — > L^, for < /c < m' . Therefore, if V is the set of all functions 
in L^, (Ot-,C) that map into some fixed small open ball about 1 G C then 
w Uyj^r defines a C°° map V L^, . This yields the first inequality in (IHUj) . 
and the proof of the second inequality is similar. 



Geometry & Topology, Volume 9 (2005) 



70 



Kim A Fr0yshov 



Combining and we conclude that Part (ii) of the proposition holds 
with 





'1 


in 


In ' 


Un = < 




in 






Wn 


in 





This completes the proof of Proposition 16.31 □ 

7 Global compactness 

In this section we will prove Theorems 11.31 and 11.41 Given the results of Sec- 
tions 0] and El what remains to be understood is convergence over ends and 
necks. We will use the following terminology: 

c-convergence = C°° convergence over compact subsets. 
7.1 Chain-convergence 

We first define the notion of chain-convergence. For simplicity we only consider 
two model cases: first the case of one end and no necks, then the case of one 
neck and no ends. It should be clear how to extend the notion to the case of 
multiple ends and/or necks. 

Definition 7.1 Let X be a spin'^ Riemannian 4-manifold with one tubular 
end M+ x Y , where Y is connected. Let ai,a2, ■ ■ ■ and Pq, . . . , (3k be elements of 
TZy, where A; > and > ^{Pj) for j = 1, . . . , k. Let uj £ M(X; Pq) and 

V = {vi, . . . , Vk) , where Vj G M(/3j_i, . We say a sequence [Sn] G M{X; an) 
chain-converges to {uj,v) if there exist, for each n, 

• a smooth map Un- X ^ U(l) , 

• for j = 1, . . . ,k a smooth map Unj : M x y ^ U(l) , 

• a sequence = tnfl < tn,i < • • • < tn,fc) 
such that 

(i) Un{Sn) c-converges over X to a representative of u; (in the sense of Sub- 
section 123]) , 

(ii) tnj — tn,j-i — > cxD as n ^ oo, 

(iii) Unj(T-i*^ .Sn) c-converges over R x y to a representative of vj , 
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(iv) limsup„^oc [i9(5'„(t„j_i + r)) - ^{Snitnj - r))] ^ as r ^ oo, 

(v) limsup„__oo ['&{Sn{tn,k + t)) - ^{an)] ^ as r ^ oo, 
where (ii), (iii) and (iv) should hold for j = 1, . . . , /c. 

Conditions (iv) and (v) mean, in familiar language, that "no energy is lost in 
the limit". As before, Ts denotes translation by s, ie Ts{t,y) = {t + s,y). 

We now turn to the case of one neck and no ends. 

Definition 7.2 In the situation of Subsection 11.41 suppose r = 1 and r' = 0. 
Let /3o,.-- ,Pk ^T^Y, where k>0 and > , j = 1, . . . , A; . Let u; G 

M(X;/3o,/3fc) and v = {vi, . . . ,Vk) , where Vj G M{(3j-i, Pj) . Let T{n) oo 
as n — > oo. We say a sequence [Sn] e M(X(^("))) chain -converges to (w, v) if 
there exist, for every n, 

• a smooth map Un '■ X^n)) ^U(l), 

• for j = 1, . . . ,k a smooth map Unj : x Y ^ U(l) , 

• a sequence -T{n) = tnfl < tn,i < • • • < tn,fc+i = T{n) , 

such that (i)-(iv) of Definition 17.11 hold for the values of j for which they are 
defined (in other words, (ii) and (iv) should hold for 1 < j < k + 1 and (iii) for 
1 <i < k). 

In the notation of Subsection ll.21 if J C M is an interval with non-empty interior 
then a smooth configuration S over J x y is called regular (with respect to 
?9) if either dti!}{St) < for every t £ J, or 5 is gauge equivalent to the 
translationary invariant configuration a determined by some critical point a of 
i9. Proposition 14.31 guarantees the regularity of certain (p, q)-monopoles when 
p is sufficiently small. In particular, genuine monopoles are always regular. 

Consider now the situation of Subsection 11.41 (without assuming (Bl) or (B2)), 
and let the 2-form /i on X be fixed. 

Definition 7.3 A set of perturbation parameters p, p' is admissible for a vector 
d' of critical points if for some to > I the following holds. Let M be the 
disjoint union of all moduli spaces M(X(^);a';p;p') with miuj Tj > to . Then 
we require, for all j,k, that 

(i) If S is any configuration over [—1,1] x Yj which is a C°° limit of config- 
urations of the form 5'|[(_i^t_|_i]xyj with S £ Ai and |t| <Tj — 1, then S 
is regular. 
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(ii) If S is any configuration over [—1,1] x Yj^ which is a C°° hmit of con- 
figurations of the form 5'|[(_x^^^i]xY'^^ with 5 G 7W and t > 1, then S is 
regular. 

In particular, the zero perturbation parameters are always admissible. 
The next two propositions describe some properties of chain-convergence. 

Proposition 7.1 In the notation of Theorem \l.,1\ suppose Un chain-converges 
to {u,vi, . . . ,Vr) , where q„ = /? for all n, each vj is empty, and p is admissible 
for p. Then a;„ ^ w in M{X; (3) with its usual topology. 

Proof This follows from Proposition 16.31 □ 

In other words, if a sequence u;„ in a moduli space M chain-converges to an 
element uj G M , then a;„ ^ a; in M provided the perturbations are admissible. 

Proposition 7.2 In the notation of Theorem \1.4\ suppose that the sequence 
uJn G M(X(-'"(")); a^) chain-converges to Y = {uj,vi, . . . jUrjifi, ■ ■ ■ ^v^.,) , where 
miuj Tj (n) oo . Suppose also that the perturbation parameters p, p' are 
admissible for each . Tiien the following hold: 

(i) For sufEciently large n there is a smooth map Un- X^'^^'^^^ — > U{1) such 
that Vn,j = Un\{o}xYj Satisfies Vn,j{a'^j) = , j = I, . . . ,r' . 

(ii) The chain limit is unique up to gauge equivalence, ie if V, V are two 
chain limits of uJn then there exists a smooth u: X* U{1) which is 
translationary invariant over the ends of X*, and such that u{Y) = V. 

In (i), recall that moduli spaces are labelled by critical points modulo null- 
homotopic gauge transformations. Note that we can arrange that the maps n„ 
are translationary invariant over the ends. This allows us to identify the moduli 
spaces M(X;a^) and M{X;j'), so that we obtain a sequence Wn(wn), n- ^ 
in a fixed moduli space. 

In (ii) we define ^(V) as follows. Let wj : WxYj U(l) and w'j : RxY^ U(l) 
be the translationary invariant maps which agree with u on {0} x Yj and 
M+ X Yj , respectively. Let w: X ^ U(l) be the map which is translationary 
invariant over each end and agrees with u on X-i. Then u{Y) is the result of 
applying the appropriate maps w,Wj,w'j to the various components of n(V). 
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Proof (i) For simplicity we only discuss the case of one end and no necks, ie 
the situation of Definition 17. 11 The proof in the general case is similar. 

Using Condition (v) of Definition 17.11 and a simple compactness argument it 
is easy to see that a„ is gauge equivalent to for all sufficiently large n. 
Moreover, Conditions (iv) and (v) of Definition 17.11 ensure that there exist 
T,n' > such that if n > n' then uJn restricts to a genuine monopole on 
{tn,k + oo) X Y and on {tn,j-i + T, tn,j — t) X Y ioi j = 1, . . . , k . It then 
follows from ProDOsition l6.3l that Vn = Un,k\{o}xY satisfies Vnian) = Pk for n » 
0. (Recall again that an, (3k £ T^Y are critical points modulo null-homotopic 
gauge transformations, so Vn{an) depends only on the homotopy class of Vn-) 
Similarly, it follows from Theorems 16.11 that Unj--i\{o}xY is homotopic to 
Unj\{o}xY for j = 1, . . . ,r and n » 0, where ii„_o = Un- Therefore, Vn extends 
over Xq. 

(ii) This is a simple exercise. □ 
7.2 Proof of Theorem lOl 

By Propositions 111115.61 and l4.H( if each pj has sufficiently small norm then 
p will be admissible for all a. Choose p so that this is the case. Set 

Co = — inf ^ Aj??(a„j) < oo. 
j 

Let Sn be a smooth representative for u;„. The energy assumption on the 
asymptotic limits of 5„ is unaffected if we replace 5„ by Un{Sn) for some 
smooth Un'- X ^ U(l) which is translationary invariant on co) xl" for some 
t„ > 0. After passing to a subsequence we can therefore, by Proposition 15.31 
assume that Sn c-converges over X to some monopole S' which is in temporal 
gauge over the ends. Because p is admissible we have that 

dt'&{Sn\{t}xY,)<^ 

for all J, n and t > . From the energy bound (|30|) we then see that S' must 
have finite energy. Let 7j denote the asymptotic limit of S' over the end M+ x Yj 
as guaranteed by Proposition 14.41 Then 

limsupi?(a„j) < ^{'^j) 

n 

for each j . Hence there is a constant C2 < oo such that for /i = 1, . . . , r and 
all n one has 

j 
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Consequently, 

sup |t?(a„j)| < oo. 

For the remainder of this proof we fix j and focus on one end M x Yj- . For 
simphcity we drop j from notation and write Y,an instead of Yj,anj etc. 

After passing to a subsequence we may arrange that ^{an) has the same value 
L for all n (here we use Condition (01)). If 1^(7) = L then we set k = and 
the proof is complete. Now suppose 1^(7) > L. Then there is an n' such that 
dt^{Srr{t)) < for ah n>n',t>0. Set 

5 = — min{|x — y\ : x,y are distinct critical values of i): By — > M}. 

The minimum exists by (01). For sufficiently large n we define ^ 
implicitly by 

HSn{tn,l)) = Hi) - S. 

It is clear that tn,i — > 00 as n ^ cxd. Moreover, Definition 17. 1 1 (iv) must hold for 
j = 1. For otherwise we can find e > and sequences r^, with Ti,ni — > 00 
as £ — > 00 , such that 

HSn,{Te)) - HSn,{tn,,l " T,)) > 6 (40) 

for every I. As in the proof of Claim IHTTI there are smooth ui: Mxy^U(l) 
satisfying i? o 2^(0) = ■& such that a subsequence of Ui{T^^^ i^ni) c-converges 

over R X y to a finite energy monopole S in temporal gauge. The asymptotic 
limit 7 of S at — oo must satisfy 

e < T?(7) - t9(7) < 6, 

where the first inequality follows from ()4U() . This contradicts the choice of 6. 
Therefore, Definition 17.11 fiv) holds for j = 1 as claimed. 

After passing to a subsequence we can find n„^i : M x y — > U(l) such that 
Un^iiTfl ^Sn) c-converges over M x y to some finite energy monopole S[ in 
temporal gauge. Let denote the limit of S[ at ±oo . A simple compactness 
argument shows that 7 and are gauge equivalent, so we can arrange that 
7 = by modifying the Un^i by a fixed gauge transformation M x y ^ U(l) . 
As in the proof of Proposition 17.21 (i) we see that Un,i must be null-homotopic 
for all sufficiently large n. Hence > L. If ) = L then we set 

k = 1 and the proof is finished. If on the other hand ^{Pj^) > L then we 
continue the above process. The process ends when, after passing successively 
to subsequences and choosing Unj,tn,j, Pf for j = 1, . . . , /c (where PjLi = Pj , 
and Un,j is null-homotopic for n ^> 0) we have i?(/?^) = L. This must occur 
after finitely many steps; in fact k < (25)~^(t?(7) — L) . □ 
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7.3 Proof of Theorem 11.41 

For simplicity we first consider the case when there is exactly one neck (ie 
r = 1), and we write Y = Yi etc. We will make repeated use of the local 
compactness results proved earlier. 

Let Sn be a smooth representative of Un- After passing to a subsequence we 
can find smooth maps 

un-. x™)\({o}xy)^u(i) 

such that Sn = c-converges over X to some finite energy monopole S' 

which is in temporal gauge over the ends. Introduce the temporary notation 
\{t}xY, and similarly for 5„ and u„. For < r < T{n) set 

@r,n = ^{Sn{-T{n) + r)) - ^Sn{T{n) - r)). 

Let Un = iin(±T(n)) and 

cf Equation Since 6o,n is bounded as n ^ oo, it follows that — /~ 
is bounded as n ^ cc. By Condition (01) there is a g > such that ql^ is 
integral for all n. Hence we can arrange, by passing to a subsequence, that 
In — In is constant. In particular. 

Choose a smooth map w: X ^ U(l) which is translationary invariant over the 
ends, and homotopic to over Xq. After replacing Un by wun for every n 
we then obtain 1^ = 1:^. Set In = In ■ We now have 

Qr,n = ^{Sn{-T{n))) - {}(Sn{T {n))) . 

Let denote the asymptotic limits of S' over the ends x Y) and 

(M+ X Y) , respectively. Set 

L = lim lim Qrn = ^{(^o) - ^{P')- 

Since @T,n ^ for r > we have L > 0. 

Suppose L = 0. Then a simple compactness argument shows that there is a 
smooth v: Y ^ U(l) such that v{Pq) = f3' . Moreover, there is an uq such 
that vUn ~ for n > HQ, where ~ means 'homotopic'. Therefore, we can 
find a smooth z: X ^ U(l) which is translationary invariant over the ends 
and homotopic to over X-q , such that after replacing Un by zun for every 
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n we have that /3o = and ^ . In that case we can in fact assume 
that smooth map X^'^^'^^^ — > U(l) . The remainder of the proof when 

L = (deahng with convergence over the ends) is now a repetition of the proof 
of Theorem II. 31 

We now turn to the case L > 0. For large n we must then have dtSn{t) < 
for \t\ < T(n). Let 5 be as in the proof of Theorem 11.31 We define G 
(—T{n),T{n)) imphcitly for large n by 

i?(/3o) = ^?(5„(Vi))+/„ + 5. 

Then \tn,i ± T(n)| ^ oo as n — > oo. As in the proof of Theorem 11.31 one sees 
that 

limsup [^{Sn{-T{n) + r)) - i?(5„(tn,i - r))] ^ 

as T — > oo , and after passing to a subsequence we can find smooth Un,i ■ K x 
Y — > U(l) such that nn^i(7^* ^S'^) c-converges over M x 1" to a finite energy 
monopole S'l in temporal gauge whose asymptotic limit at — oo is /?o- Let /?i 
denote the asymptotic limit of S[ at oo. We now repeat the above process. 
The process ends when, after passing successively to subsequences and choosing 
'^n,j,tn,j, Pj for J = 1, . . . , fc one has that 

limsup [i}{Sn{tn,k + r)) - i}{Sn{T{n) - r))] ^ 

n— >oo 

as r — > OO . As in the case L = one sees that /?' must be gauge equivalent, 
and after modifying Un,Un,j one can arrange that Pk = f3' . This establishes 
chain-convergence over the neck. As in the case L = we can in fact assume 
that Un is a smooth map AT*^-^*^")) U(l) , and the rest of the proof when L > 
is again a repetition of the proof of Theorem 11.31 

In the case of multiple necks one applies the above argument successively to 
each neck. In this case, too, after passing to a subsequence one ends up with 
smooth maps Un ■ 

Xinn)) _^ U(l) such that Un{Sn) c-converges over X . One 
can then deal with convergence over the ends as before. □ 

8 Transversality 

We will address two kinds of transversality problems: non-degeneracy of critical 
points of the Chern-Simons-Dirac functional, and regularity of moduli spaces 
over 4 -manifolds. 

In this section we do not assume Condition (01). 

Recall that a subset of a topological space Z is called residual if it contains a 
countable intersection of dense open subsets of Z . 
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8.1 Non-degeneracy of critical points 

Lemma 8.1 Let Y be a closed, connected, Rieniannian spin'^ 3~manifold and 
r] any closed (smooth) 2-form on Y. Let G* be the set of all v G f^^(^) 
such that all irreducible critical points of '&rj+du are non-degenerate. Then 
G* C ^^{Y) is residual, hence dense (with respect to the C°° topology). 

Proof The proof is a slight modification of the argument in . For 2 < k < 
oo and (5 > let Wk,s be the space of all 1 -forms on y of class G^ which 
satisfy < 6. Let Wk,5 have the G^ topology. For 1 < < oo we define 

a ^-equivariant smooth map 



where G acts trivially on forms, and by multiplication on spinors. Now if 



Jy 

by (fT^ . which implies C = since \E' 7^ 0. The derivative of at a point 
X = (5,^,0,1/) is 



Let (B,^) be any irreducible critical point of -dri- We will show that P = 
L'Tfc(i?, ^, 0, 0) is surjective. Note that altering {B,'^) by an L2 gauge trans- 
formation u has the effect of replacing P by uPu~^ . We may therefore assume 
that (-B,^') is smooth. Since Pi = Txj, + has surjective symbol, the 

image of the induced operator Lf — > L^ is closed and has finite codimension. 
The same must then hold for im(P) . Suppose (b, ip) E L^ is orthogonal to 
im(P), ie db = and P*{b, ip) = 0. The second equation implies that b and ijj 
are smooth, by elliptic regularity. Writing out the equations we find as in |15j 
that on the complement of ^'"^(0) we have —b = idr for some smooth function 
r: y\^'^^(0) M. We now invoke a result of Bar which says that, because 
B is smooth and ^' ^ 0, the equation ds^ = implies that the zero-set of ^ 
is contained in a countable union of smooth 1 -dimensional submanifolds of Y . 
In particular, any smooth loop in Y can be deformed slightly so that it misses 
^'"^(0). Hence b is exact. From Bar's theorem (or unique continuation for Ob, 
which holds when B is of class C^, see jTH]) we also deduce that the comple- 
ment of ^'"^(0) is dense and connected. Therefore, / has a smooth extension 
to all of Y , and as in this gives (6, "0) = 0- Hence P is surjective. 



Tfe : C* X LfiY; iM.) x Wk,s ^ L^{Y; iA^ S), 

{B, ^, u) ^ l^i + V ^) 



Tk{B,-^,i,v) = then 




DTk{x)(b, ^, /, v) = H^B,^^(b, V') + I^f + {i*dv, 0). 



(41) 
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Consider now the vector bundle 

E={C* X L'^{Y; ih^ e S)) X L?(y; iM) B* x L?(y; M). 
Q 

For 1 < A; < cxD the map T^. defines a smooth section o"^. ,5 of the bundle 

By the local slice theorem, a zero of is a regular point of T^. if and only if 
the corresponding zero of 0"^^^ is regular. Since surjectivity is an open property 
for bounded operators between Banach spaces, a simple compactness argument 
shows that the zero-set of 172,5 is regular when (5 > is sufficiently small. Fix 
such a b . Observe that the question of whether the operator (|4H) is surjective 
for a given x is independent of k . Therefore, the zero-set ,5 of a^^^ is regular 
for 2 < /c < cxD . In the remainder of the proof assume k >2. 

For any p > let Bp be the set of elements [B,"^] £ B satisfying 

Define M^^s^p C Mk^s similarly. For any given v, the formula for defines a 
Fredholm section of E which we denote by cr,y . Let G^^s^p be the set of those 
v G Wk^s such that has only regular zeros in Bp x {0}. For A; < 00 let 

be the projection, and S C M^, 5 the closed subset consisting of all singular 
points of vr. A compactness argument shows that vr restricts to a closed map 
on Mfc ,5 p, hence 

is open in W^^s- On the other hand, applying the Sard-Smale theorem as in 
[TH Section 4.3] we see that Gk,s,p is residual (hence dense) in Wk,s- Because 
Wca^s is dense in Wk^s j we deduce that Goo,5,p is open and dense in Woo,s ■ But 
then 

nSN 

is residual in Woo,<5 > and this is the set of all u G W^o^s such that a^, has only 
regular zeros. 

An irreducible critical point of 'dr}+du is non-degenerate if and only if the cor- 
responding zero of (Ty is regular. Thus we have proved that among all smooth 
1 -forms u with < 5, those v for which all irreducible critical points of 

'drj+dv are non-degenerate make up a residual subset in the C°° topology. The 
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same must hold if rj is replaced with rj + dv for any v G n^{Y) , so we conclude 
that G* is locally residual in ^1^{Y), ie any point in G* has a neighbourhood 
V such that G* CiV is residual in V. Hence G* is residual in Q^{Y). (This 
last implication holds if il.^{Y) is replaced with any second countable, regular 
space.) □ 

Proposition 8.1 Let Y be a closed, connected, Riemannian spin^ 3-nianifold 
and r] any closed 2~form on Y such that either bi{Y) = or rj ^ 0. Let G be 
the set of all u G Q^{Y) such that all critical points of "dn+dv are non-degenerate. 
Then G is open and dense in Q}{Y) with respect to the C°° topology. 

Proof A compactness argument shows that G is open. If hiiY) > then 
"Qri+dv has no reducible critical points and the result follows from Lemma l8. II 

Now suppose bi{Y) = 0. Then we may assume 77 = 0. For < A; < cxd 
let Wk be the space of 1-forms on Y of class , with the topology. If 
v G Wi then -Qdu has up to gauge equivalence a unique reducible critical point, 
represented by {B — iv, 0) for any smooth spin connection B over Y with B 
flat. This critical point is non-degenerate precisely when 

ker(aB_,^) = inL?. (42) 

Let G'j^ be the set of all v G such that holds. This is clearly an open 
subset of Wk. The last part of the proof of 15, Proposition 3] shows that G'^, 
is residual (hence dense) in Wk for 2 < /c < 00. Hence G'^ is open and dense 
in 0}{Y) = Woo- Now apply Lemma IHm □ 

Marcolli [221 proved a weaker result in the case hiiY) > 0, allowing rj to vary 
freely among the closed 2 -forms. 

8.2 Regularity of moduli spaces 

The following lemma will provide us with suitable Banach spaces of perturba- 
tion forms. 

Lemma 8.2 Let X be a smooth n-manifold, K d X a compact, codimen- 
sion submanifold, and E ^ X a vector bundle. Then there exists a Banach 
space W consisting of smooth sections of E supported in K , such that the 
following hold: 

(i) The natural map W T{E\k) is continuous with respect to the C°° 
topology on T{E\k). 
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(ii) For every point x G int{K) and every v £ there exists a section 
s G r(£') with s{x) = V and a smooth embedding g: M" — > X with 
g{0) = X such that for arbitrarily small e > there are elements of W 
of the form fs where f: X — > [0, 1] is a smooth function which vanishes 
outside g{W^) and satisfies 



0, \z\ > 2e, 

1, \z\ < e. 



Proof Fix connections in E and TX , and a Euclidean metric on E . For any 
sequence a = (oq, ai, . . . ) of positive real numbers and any s £ T{E) set 

\\s\\a = sup afc||V''s||oo 
0<A:<oo 

and 

Wa = {s £ T{E) : supp(s) C K, \\s\\a < oo}. 

Then W = Wa, equipped with the norm || • ||a, clearly satisfies (i) for any 
a. We claim that one can choose a such that (ii) also holds. To see this, first 
observe that there is a finite dimensional subspace V C T{E) such that 

V Ex, s I— > s{x) 

is surjective for every x € K . Fix a smooth function b: M ^ [0, 1] satisfying 

0, t > 4. 

We use functions / that in local coordinates have the form 

/,(z) = 6(r|z|2), 

where r ^ 0. Note that for each k there is a bound ||/r||cfc < const • where 
the constant is independent of r > 1. It is now easy to see that a suitable 
sequence a can be found. □ 



m 



In the next two propositions, X, a, will be as in Subsection ll.31 Let K C X he 
any non-empty compact codimension submanifold. Let Vl^ be a Banach space 
of smooth self-dual 2 -forms on X supported in IT, as provided by Lemma 18.21 
The following proposition will be used in the proof of Theorem 11.21 

Proposition 8.2 In the above situation, let G be set of all v £W such that 
all irreducible points of the moduli space M{X; a; n + v; 0) are regular (here 
pj = for each j ). Then G gW is residual, hence dense. 
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There is another version of this proposition where W is replaced with the 
Frechet space of ah smooth self-dual 2-forms on X supported in K , at least if 
one assumes that (01) holds for each pair Yj,r]j and that (A) holds for X, rjj, Xj . 
The reason for the extra assumptions is that the proof then seems to require 
global compactness results (cf the proof of Lemma l8.1() . 

Proof We may assume X is connected. Let be as in Subsection 13.41 Then 

(5, u) ^ @{S,fi + u, 0) 

defines a smooth map 

/ : C* xW ^ LP'"'(X; iA+ © S"), 

where C* = C*{X;a). We will show that is a regular value of /. Suppose 
f{S,i') = and write S = ^>). We must show that the derivative P = 
Df{S, u) is surjective. Because of the gauge equivariance of / we may assume 
that S is smooth. Let Pi denote the derivative of f[-,v) at S. Since the 
image of Pi in L^'"^ is closed and has finite codimension, the same holds for 
the image of P. Let p' be the exponent conjugate to p and suppose {z,il)) G 
LP'~^{X;iA.'^ ig ^2 orthogonal to the image of P, ie 

/ (P(a,0,i/'),(^,V')) =0 

JX 

for all (a,(/)) E L\''^ and v' W . Taking z^' = we see that P*{z,^l)) = 0. 
Since Pf has injective symbol, z, -0 must be smooth. On the other hand, taking 
a, (/> = and varying v' we find that = by choice of W . By assumption, 
$ is not identically zero. Since Da^ = 0, the unique continuation theorem 
in ^S] applied to says that $ cannot vanish in any non-empty open set. 
Hence $ must be non-zero at some point x in the interior of K . Varying a 
alone near x one sees that V vanishes in some neighbourhood of x. But PiPj* 
has the same symbol as © d'^{d'^)*, so another application of the same 
unique continuation theorem shows that {z,^l^) = 0. Hence P is surjective. 

Consider now the vector bundle 

E = C* xg LP^'"{X;iA+ eS-) 

over B* . The map / defines a smooth section a of the bundle 

ExW ^B* xW. 

Because of the local slice theorem and the gauge equivariance of / , the fact that 
is a regular value of / means precisely that a is transverse to the zero-section. 
Since a{- ju) is a Fredholm section of E for any v, the proposition follows by 
another application of the Sard-Smale theorem. □ 
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We will now establish transversality results for moduli spaces of the form 
M{X, a) or M(a, /3) involving perturbations of the kind discussed in Subsec- 
tion l3.31 For the time being we limit ourselves to the case where the 3-manifolds 
Y, Yj are all rational homology spheres. We will use functions hs that are a 
small modification of those in ^5]. To define these, let y be a closed Rieman- 
nian spin*^ 3-manifold satisfying bi(Y) = 0, and the Chern-Simons-Dirac 
functional on Y defined by some closed 2-form r]. Choose a smooth, non- 
negative function 1^ ^ which is supported in the interval {—\, \) and 
satisfies / x = 1- If 5* is any Lf configuration over a band {a — \ ,b + where 
a <b define the smooth function Tl)s '■ [a, 6] ^ M by 

dsiT)= [ x{T-mSt)dt, 

where we interpret the right hand side as an integral over M x y. A simple 
exercise, using the Sobolev embedding theorem, shows that Sn ^ S weakly 
in Lf over {a — j,b + \) x Y then 'ds„ 'ds in C°° over [a, b] . 

Choose a smooth function c: M ^ M with the following properties: 

• c' > 0, 

• c and all its derivatives are bounded, 

• c{t) = t for all critical values t of i), 

where c' is the derivative of c. The last condition is added only for convenience. 
For any configuration S over {a — ■^jb + ^) x Y with a < b define 

hs{t) = [ xiti)c0sit-ti))dh. 

It is easy to verify that hs satisfies the properties (P1)-(P3). 

It remains to choose H and ^i. Choose one compact subinterval (with non- 
empty interior) of each bounded connected component of M \ crit('!9), where 
crit(t?) is the set of critical values of Let H be the union of these compact 
subintervals. Let *P = ^iy be a Banach space of 2~forms on M x 1" supported 
in H X y as provided by Lemma 18.21 

We now return to the situation described in the paragraph preceding Proposi- 
tion 18.21 Let W' C be the open subset consisting of those elements i' that 
satisfy ||i^||(7i < 1. Let 11^ denote the set of all p = (pi, . . . ,pr) where pj G *Py^. 
and IIPjIIci < <5 for each j. 
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Proposition 8.3 Suppose each Yj is a rational homology sphere and K C X-q . 
Then there exists a 5 > such that the following holds. Let G he the set of 
all (z^, p) G W X such that every irreducible point of the moduli space 
M{X; d; fi + p) is regular. Then G C W x is residual, hence dense. 

It seems necessary here to let p vary as well, because if any of the pj is non-zero 
then the linearization of the monopole map is no longer a differential operator, 
and it is not clear whether one can appeal to unique continuation as in the 
proof of Proposition 18.21 

Proof To simplify notation assume r = 1 and set Y = Yi, a = a\ etc. 
(The proof in the general case is similar.) Note that (A) is trivially satisfied, 
since each Yj- is a rational homology sphere. Therefore, by Propositions 14.31 
and 15.61 if 5 > is sufficiently small then for any (y, p) G W' x and 
\S\ S M(X\ a; fi + u; p) one has that either 

(i) [^t] = a for i > 0, or 

(ii) dt^St) < for t > 0. 

As in the proof of Proposition 18.21 it suffices to prove that is a regular value 
of the smooth map 

/: C* xW' xUs^ LP'"", 

{S,v,p) ^ Q{S,^ + iy,p). 

The smoothness of the perturbation term g{S,p) = (\hs^p follows from the 
smoothness of the map (|19() . for by (PI) there exist a to and a neighbourhood 
U CC of S such that hs'{t) S for all t > t^ and S' € U . 

Now suppose /(S, i^, p) = and (2:,^) G ]J>''-'^ is orthogonal to the image of 
Df{S, v, p) . We will show that z is orthogonal to the image of T = Dg{S, p)^ or 
equivalently, that (z, Tp) is orthogonal to the image of Df{S, u) , where / = f —g 
as before. The latter implies (z,^) = by the proof of Proposition 18.21 

Let /15 : [^,00) — > M be defined in terms of the restriction of S to M-|- x Y . 
If hs{J) C R\H for some compact interval J then by (PI) one has that 
hs'{J) C M \ H for all S' in some neighbourhood of S in C Therefore, all 
elements of im(T) vanish on /i^^(R \ H) xY. 

We now digress to recall that if u is any locally integrable function on M" then 
the complement of the Lebesgue set of u has measure zero, and if v is any 
continuous function on M" then any Lebesgue point of u is also a Lebesgue 
point of uv. The notion of Lebesgue set also makes sense for sections r of a 
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vector bundle of finite rank over a finite dimensional smooth manifold M . In 
that case a point x G M is called a Lebesgue point of r if it is a Lebesgue point 
in the usual sense for some (hence any) choice of local coordinates and local 
trivialization of the bundle around x . 

Returning to our main discussion, there are now two cases: If (i) above holds 
then hs{t) = ■i?(a) H for t > ^, whence T = and we are done (recall 
the overall assumption q^^(O) = X.a made in Subsection I3.4() . Otherwise (ii) 

must hold. In that case we have dtc{^{t)) < for t > i and dths{t) < 
for t > ^. Since z is orthogonal to (\hsy for all p' G we conclude that 
z{t,y) = for every Lebesgue point {t,y) of z with t > | and hs{t) G int(H). 
Since h^^(d'B) D (|,cxd) is a finite set, z must vanish almost everywhere in 
[hg^{3) n (|,cxd)] X Y . Combining this with our earlier result we deduce that 
z is orthogonal to im(T) . □ 

In the next proposition (which is similar to p!51 Proposition 5]) let 11^ be as 
above with r = 1 , and set 5^ = 11. 

Proposition 8.4 In the situation of Subsection \1.2l suppose Y is a rational 
homology sphere and a, 13 £ TZy = TIy ■ Then there exists a 5 > such that 
the following holds. Let G he the set of all p G II^ such that every point in 
M(a, (3; p) is regular. Then G C II^ is residual, hence dense. 

Proof If a = /3 then an application of Proposition 14.31 shows that if ||p||ci is 
sufficiently small then M{a,(3;p) consists of a single point represented by a, 
which is regular because a is non-degenerate. 

I{ a ^ (3 and ||p||ci is sufficiently small then for any [S] G M{a,f3;p) one has 
dt'&{St) < for all t. Moreover, the moduli space contains no reducibles, since 
a, j3 cannot both be reducible. The proof now runs along the same lines as that 
of Proposition 18.31 Note that the choice of H is now essential: it ensures that 
iuiijis) = (t?(a), ??(/?)) contains interior points of H. □ 

9 Proof of Theorems 11.11 and 11.21 

In these proofs we will only use genuine monopoles. 

Proof of Theorem 11.11 We may assume Y is connected. Let r/ be a closed 
non-exact 2 -form on Y which is the restriction of a closed form on Z . Let 
Y have a metric of positive scalar curvature. If s 7^ is a small real number 
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then "dsri will have no irreducible critical points, by the a priori estimate on 
the spinor fields and the positive scalar curvature assumption. If in addition 
s[r]] — 7rci(£y) 7^ then 'ds-q will have no reducible critical points either. 

Choose a spin'^ Riemannian 4-manifold X as in Subsection 11.41 with r = 1 , 
r' = 0, such that there exists a diffeomorphism X"^ — > Z which maps {0} x Yi 
isometrically onto Y . Let rji be the pull-back of srj. Then (Bl) is satisfied 
(but perhaps not (B2)), so it follows from Theorem II .41 that M{X^'^^) is empty 
forr>0. □ 



We will now define an invariant h for closed spin^ 3-manifolds Y that satisfy 
bi{Y) = and admit metrics with positive scalar curvature. Let g be such a 
metric on Y . Recall that for the unperturbed Chern-Simons-Dirac functional 
1? the space TZy of critical points modulo gauge equivalence consists of a single 
point 9, which is reducible. Let {B, 0) be a representative for 6 . Let Yi, . . . ,Yr 
be the connected components of Y and choose a spin'^ Riemannian 4-manifold 
X with tubular ends M-|- xYj,j = l,...,r (in the sense of Subsection ll.3() and 
a smooth spin connection A over X such that the restriction of A to M+ x 1" is 
equal to the pull-back of B . (The notation here is explained in Subsection l3.1l ) 
Define 

h{Y,g) = indciDA) - ^iciiCx? - ct{X)) 

= i(dim M{X; 6) - d{X) + 60 (^)), 

where Da '■ L\ ^ L?' , 'dim' is the expected dimension, and d{X) is the quantity 
defined in Subsection 11.11 Since indc(-DA) = |(ci(£x)^ — '^{X)) when X 
is closed, it follows easily from the addition formula for the index (see jlUl 
Proposition 3.9]) that h{Y,g) is independent of X and that 

h{-Y,g)=-h{Y,g). 

Clearly, 

h{Y,g)=Y,Hyj,9j), 

j 

where gj is the restriction of g to Yj . To show that h(Y, g) is independent 
of g we may therefore assume Y is connected. Suppose g' is another positive 
scalar curvature metric on Y and consider the spin^ Riemannian manifold 
X = M X y where the metric agrees with 1 x g on (— 00,— 1] xY and with 
1x5' on [l,cx))xy. TheoremlOland FropositionlT^fii) say that M{X;e,e) is 
compact. This moduli space contains one reducible point, and arguing as in the 
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proof of 15', Theorem 6] one sees that the moduh space must have non-positive 
(odd) dimension. Thus, 

h{Y,g')+h{-Y,g) = ^{dimM{X;e,e) + l)<0. 
This shows h{Y) = h{Y,g) is independent of g. 

Proof of Theorem 11.21 Let each Yj have a positive scalar curvature metric. 
Choose a spin"^ Riemannian 4-manifold X as in Subsection 11.41 with r' = 
and with the same r, such that there exists a diffeomorphism /: X* — > Z 
which maps {0} x Yj isometrically onto Yj . Then (Bl) is satisfied (but perhaps 
not (B2)). Let Xq be the component of X such that W = /((Xo):i). For each 
j set r]j = and let Oj £ TZy^ be the unique (reducible) critical point. Choose 
a reference connection Ag as in Subsection 13.41 and set Aq = Ao\xo- Since 
each Qj has representatives of the form (-6,0) where B is flat it follows that 
F{Ao) is compactly supported. In the following, /i will denote the (compactly 
supported) perturbation 2-form on X and /io its restriction to Xq. 

Let be the space of self-dual closed 2-forms on Xq. Then dim H.'^ = 
62" (^o) > 0, so Ti^ contains a non-zero element z. By unique continuation 
for harmonic forms we can find a smooth 2-form ^0 on supported in any 
given small ball, such that F~^{Aq) +1^^ is not orthogonal to z. (Here F~^ 
is the self-dual part of -F.) Then 

where w is the weight function used in the definition of the configuration space. 
Hence M(Xo;a) contains no reducible monopoles. After perturbing /io in a 
small ball we can arrange that M(Xo;d) is transversally cut out as well, by 
Proposition 18.21 

To prove (i), recall that 

dim M {Xq; a) = d{W)-l + 2^ h{Yj), (43) 

j 

so the inequality in (i) simply says that 

dim M{Xo;a) < 0, 

hence M(Xo;a) is empty. Since there are no other moduli spaces over Xq, it 
follows from Theorem 11.41 that M{X^'^^) is empty when miuj Tj ^0. 

We will now prove (fi). If M(X(^)) has odd or negative dimension then there 
is nothing to prove, so suppose this dimension is 2m > 0. Since M(Xo;a) 
contains no reducibles we deduce from Theorem 11.41 that M(X^^^) is also free 
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of reducibles when min^ Tj is sufficiently large. Let B C Xq be a compact 
4-ball and B*(B) the Banach manifold of irreducible configurations over 
B modulo gauge transformations. Here p > 4 should be an even integer 
to ensure the existence of smooth partitions of unity. Let L — > B*(B) be the 
natural complex line bundle associated to some base-point in B , and s a generic 
section of the m-fold direct sum mL. For min^ Tj ^ let 

C M(X(^)), 5o C M(Xo; a) 

be the subsets consisting of those elements u that satisfy s(cj|b) = 0. By 
assumption, 5*0 is a submanifold of codimension 2m. For any T for which S^"^^ 
is transversely cut out the Seiberg-Witten invariant of Z is equal to the number 
of points in S^'^^ counted with sign. Now, the inequality in (ii) is equivalent to 

d{W) + 2 ^ h{Yj) < d{Z) = 2m + 1, 
j 

which by gives 

dim 5o = dim M{Xo; a) - 2m< 0. 

Therefore, Sq is empty. By Theorem II. 41 S^"^^ is empty too when min^ Tj ^ 0, 
hence SW(Z) = 0. □ 



A Patching together local gauge transformations 

In the proof of Lemma 14.11 we encounter sequences Sn of configurations such 
that for any point x in the base-manifold there is a sequence of gauge trans- 
formations defined in a neighbourhood of x such that VniSn) converges (in 
some Sobolev norm) in a (perhaps smaller) neighbourhood of x. The problem 
then is to find a sequence Un of global gauge transformations such that Un{Sn) 
converges globally. If Vn , Wn are two such sequences of local gauge transfor- 
mations then VnW~^ will be bounded in the appropriate Sobolev norm, so the 
problem reduces to the lemma below. 

This issue was discussed by Uhlenbeck in jHH Section 3] . Our approach has the 
advantage that it does not involve any "limiting bundles". 

Lemma A.l Let X be a Riemannian manifold and P ^ X a principal G- 
bundle, where G is a compact subgroup of some matrix algebra Mr(M). Let 
Mj.(M) be equipped with an Ada -invariant inner product, and Ex a connection 
in the Euchdean vector bundle E = P '^Adc Mr(M) (which we use to define 
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Sobolev norms of automorphisms of E ). Let {C/j}^^ , {Vi}^^ be open covers 
of X such that Ui <^Vi for each i . We also assume that each Vi is the interior 
of a compact codimension submanifold of X , and that dVi and dVj intersect 
transversally for all i ^ j ■ For each i and n = 1, 2, . . . let Vi^n be a continuous 
automorphism of -P|vj- Suppose Vi^nVj^ converges uniformly over Vi n Vj for 
each i,j (as maps into E ). Then there exist 

• a sequence of positive integers ni < n2 < • • • , 

• for each positive integer k an open subset C X with 

k k 

(jU,(^WkC\J Vi, 

i=l 1=1 

• for each k and n > a continuous automorphism Wk^n of P\wk> 
such that 

(i) If I < j < k and n > Uk then wj^n = "U^fc.n on Ui=i Ui , 

(ii) For each i, k the sequence Wk^nV~n converges uniformly over Wk H Vi, 

(iii) If 1 <p < CO, and m > ^ is an integer such that Vi^n S loc ^ 
then Wk^n £ L^jn loc ^ n > Uk- If in addition 

sup \\vi,nV~l\\LP^^v,nVA < for all i, j 

n 

then 

sup \\wk,nVi^l\\Ll,(WknVi) < for all k,i. 

The transversality condition ensures that the Sobolev embedding theorem holds 
for ViCiVj (see ^). Note that this condition can always be achieved by shrinking 
the Vi 's a little. 

Proof Let N' C LG be a small Ada invariant open neighbourhood of 0. 
Then exp: LG G maps A^' diffeomorphically onto an open neighbourhood 
of 1. Let /: N ^ N' denote the inverse map. Let Aut(P) the bundle of 
fibre automorphisms of P and qp the corresponding bundle of Lie algebras. 
Set N = P x-Adc X C Qp and let exp~^ : N Aut(P) be the map defined by 
/■ 

Set wi^n = vi^n and Wi = V\. Now suppose Wk^n-, Wk have been chosen for 
1 < k < i, where £ > 2, such that (i)-(iii) hold for these values of k. Set 
Zn = 'Wi-i^n{ve,n)~^ on Wg-i R Vi- According to the induction hypothesis the 
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sequence converges uniformly over Wg-i H Vi, hence there exists an integer 
ne > n'£_i such that y„, = {zni)~^Zn takes values in N for n>n£. 

Choose an open subset W C X which is the interior of a compact codimension 
submanifold of X , and which satisfies 

i=l 

We also require that dW intersect dVi D dVj transversally for all i,j. (For 
instance, one can take W = Q!~^([0,e]) for suitable e, where a: X ^ [0,1] is 
any smooth function with a = on U^^jf/j and a = 1 on Wi-i.) Choose also 
a smooth, compactly supported function cp: Wp^i M with (/)|w; = 1- Set 
Wi = W U and for n > rii define an automorphism wi^n of P\wi by 



We,n 



we-i,n on W, 

Zni exp{(pexp-^ yn)vi,n on W£_i n Vi, 

^Zn^Vi^n on Vi \ SUpp((/)). 



Then (i)-(iii) hold for k = i as well. To see that (iii) holds, note that 
our transversality assumptions guarantee that the Sobolev embedding theo- 
rem holds for Wi^i n Vi and for all ViCiVj. Since mp > n, Lm is therefore a 
Banach algebra for these spaces (see HI). Recalling the proof of this fact, and 
the behaviour of Lm under composition with smooth maps on the left (see [271 
pl84]), one obtains (iii). □ 



B A quantitative inverse function theorem 

In this section E, E' will be Banach spaces. We denote by B{E, E') the 
Banach space of bounded operators from E to E' . If T G B{E,E') then 
IITII — sup||^ll<]^ ||Tx|| . If J7 C -E is open and f'-U — > E' smooth then 
Df{x) G B{E,E') is the derivative of / at x G C/. The second derivative 
D{Df){x) G B{E,B{E,E')) is usually written D'^f{x) and can be identified 
with the symmetric bilinear map E x E ^ E' given by 



D'f{x){y,z) 



dsdt 

The norm of the second derivative is 



f{x + sy + tz). 

(0,0) 



\D'f{x)\\= sup \\D'f{x){y,z) 
ll«/IUkll<i 
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For r > let 

Br = {x € E : \\x\\ < r}. 

Lemma B.l Let e,M > be positive real numbers such that eM < 1, and 
suppose f : ^ E is a smooth map satisfying 

/(0) = 0; Df{0) = I; \\D^f{x)\\<M for x e B,. 
Then f restricts to a diffeomorphism f~^B^ ^ B^ . 

The conclusion of the lemma holds even when eM = 1 , see Proposition IB. II 
below. 

Proof The estimate on D^f gives 

\\Df{x) - I\\ = \\Df{x) - Dfm\ < M\\x\\. (44) 
Therefore the map 

h{x)=f{x)-x= I {Df{tx) - I)xdt 
Jo 

satisfies 

\\Hx)\\<^\\xf, 
\\h{x2) - h{xi)\\ < eM\\x2 - xi\\ 

for all x,xi,X2 £ B^. Hence for every y £ B^ the assignment x i— > y — h{x) 
defines a map B^ B^ which has a unique fix-point. In other words, / maps 
f~^B^ bijectively onto B^. Moreover, Df{x) is an isomorphism for every 
X £ B^, hy (|1H) . Applying the contraction mapping argument above to / 
around an arbitrary point in B^ then shows that / is an open map. It is then a 
simple exercise to prove that the inverse g: Be — > f~^B^ is differentiable and 
Dg{y) = {Df{g{y)))~^ (see W, 8.2.3]). Repeated application of the chain rule 
then shows that g is smooth. □ 

For r > let i?.r C be as above, and define B'^ C E' similarly. 

Proposition B.l Let e,M be positive real numbers and f : B^ ^ E' a 
smooth map such that /(O) = 0, L = Df{0) is invertible, and 

\\D'^f{x)\\<M forallxGB^. 

Set K = IlL^^II^-'^ — eM and e' = ellL^^II^-*^ . Tiien the following hold: 
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(i) If K > then f is a diffeomorphism onto an open subset of E' containing 
K'/2 ■ 

(ii) If K > and g: B'^, — > is the smooth map satisfying f o g = I then 
for aU X £ B^ and y £ B'^,^^ one has 

\\Df{x)-^l \\Dg{y)\\ < \\D^g{y)\\ < Mk'^. 

The reader may wish to look at some simple example (such as a quadratic 
polynomial) to understand the various ways in which these results are optimal. 

Proof (i) For every x £ B^ we have 

\\Df{x)L-'^ - I\\ < \\Df{x) - L\\ ■ \\L-^\\ < eM\\L-^\\ < 1, 

hence Df{x) is invertible. Thus / is a local diffeomorphism by Lemma iB.ll 
Set h{x) = f{x) — Lx. If xi,X2 G B^ and xi ^ x^ then 

\\f{x2) - f{xx)\ > \\L{X2 - xi)\\ - \\h{x2) - h{xi)\\ > k\\x2 - XiW, 
hence / is injective. By choice of e' the map 

f = foL-': B',/^^E' 
is well defined, and for every y G -B^//2 

\\D^J{y)\\<M\\L-^f. 

Because 

e'M\\L~^f = tM\\L-'^\\ < 1, 
Lemma IB. II savs that the image of / contains every ball B'^^^ with < 5 < e' , 
hence also B'^,^^ ■ 

(ii) Set c = / - Df{x)L-^ . Then 

oo 

Z)/(x)-i = L-iJ]c", 

n=0 

hence 

ii°/w"nT^< i-'!Mii!-iir ''-'- 

This also gives the desired bound on Dg{y) = Df{g{y))^^ . 

To estimate D^g, let Iso(^,^') C B{E,E') be the open subset of invertible 
operators, and let l: 1so{E,E') — > B{E',E) be the inversion map: L.{a) = . 
Then l is smooth, and its derivative is given by 

Di{a)h = —a^^ba"^, 
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see jH]. The chain rule says that 

Dg = Lo Df o g, 
D{Dg){y) = Di{Df{g{y))) o D{Df){g{y)) o Dg{y). 

This gives 

mDg){y)\\ < \\Dfigiy))-'\\'.\\D{Df)igiym-\\Dgiy)\\ < ■ M ■ k~\ □ 
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